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ABSTRACT

In this dissertation, several topics in machine learning are presented, in-
cluding sequential prediction and decision making (e.g., time series/spatio-
temporal sequences prediction and bandit learning), joint community detec-
tion and phase synchronization, and acceleration methods for convex opti-
mization. Many applications such as demand/inventory planning, precipi-
tation/climate prediction, online recommendation/advertising, web search,
cryo-electron microscopy (cryo-EM) reconstruction, optimal transport, and
video colocation have been shown to benefit from topics studied in this dis-
sertation.

In Part I (Chapters 2, 3, 4, and 5), we focus on sequential prediction and
decision making problems.

Chapters 2 and 3 focus on sequential prediction problems, including both
time series and spatio-temporal sequences. Chapter 2 focuses on the prob-
lem of predicting sea surface temperature (SST) within the El Nino-Southern
Oscillation (ENSO) region, which has been extensively studied recently due
to its significant influence on global temperature and precipitation patterns.
Statistical models such as linear inverse model (LIM), analog forecasting
(AF), convolutional neural network (CNN), and recurrent neural network
(RNN) have been widely used for ENSO prediction, offering flexibility and
relatively low computational expense compared to large dynamic models.
However, most of these models have limitations in capturing spatial patterns
in SST variability or relying solely on linear dynamics. Chapter 2 presents
a modified convolutional gated recurrent unit (ConvGRU) network for the
ENSO region spatio-temporal sequence prediction problem, along with the
Nino 3.4 index prediction as a down stream task. The proposed ConvGRU
network, with an encoder-decoder sequence-to-sequence (Seq2Seq) structure,
takes historical SST maps of the Pacific region as inputs and generates fu-

ture SST maps for the subsequent months within the ENSO region. To
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evaluate the performance of the ConvGRU network, we train and test it
using simulation and reanalysis datasets from multiple climate model en-
sembles, including a pre-industrial simulation spanning approximately 1300
years from the community climate system model version 4 (CCSM4) and
a 30-member historical ensemble during 1921-2100 using the NOAA seam-
less system for prediction and earth system research (SPEAR) model. We
also compare and contrast the prediction skill of the ConvGRU network
against SOTA models. The results demonstrate that the ConvGRU network
significantly improves the predictability of the Nino 3.4 index compared to
existing statistical and deep learning prediction models, including LIM, AF,
CNN, and RNN. This improvement is evidenced by extended useful predic-
tion range, higher Pearson correlation (PC), lower root-mean-square error
(RMSE), and lower weighted mean absolute percentage error (WMAPE). In
Chapter 3, a practical and robust distribution forecast framework that re-
lies on backtest-based bootstrap and adaptive residual selection is proposed.
Distribution forecast can quantify forecast uncertainty and provide various
forecast scenarios with their corresponding estimated probabilities. Accurate
distribution forecast is crucial for demand planning when making production
capacity or inventory allocation decisions. The proposed approach is robust
to the choice of the underlying forecasting model, which accounts for un-
certainty around the input covariates and relaxes the independence between
residual and covariate assumptions. It reduces the absolute coverage error
(ACE) by more than 63% compared to the classic bootstrap approaches and
by 2% — 32% compared to a variety of state-of-the-art (SOTA) deep learning
approaches on in-house product sales data and M4-hourly competition data.

Chapters 4 and 5 present two bandit learning problems. In Chapter 4,
we consider a popular bandit model, cascading bandit (CB), for web search
and online advertisement, where an agent aims to learn the K most attrac-
tive items out of a ground set of size L during the interaction with a user.
Meanwhile, we take it a step further by considering CB in the piecewise-
stationary environment where the user’s preference may change over time.
Two efficient algorithms, GLRT-CascadeUCB and GLRT-CascadeKL-UCB, are
developed and shown to ensure regret upper bounds of O(v/NLTlogT),
where N is the number of piecewise-stationary segments, and 7" is the length
of time horizon. In addition, we show that the proposed algorithms are op-

timal (up to a logarithmic factor) by deriving a minimax lower bound of
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Q(\/m ) for the piecewise-stationary CB. The efficiency of the proposed
algorithms relative to existing approaches is validated through numerical ex-
periments on both synthetic and real-world datasets. Chapter 5 studies the
adversarial graphical contextual bandit problem, a variant of the adversar-
ial multi-armed bandit problem, which leverages two categories of the most
common side information: conterts and side observations. In this setting,
an agent repeatedly chooses a set of L actions after being presented with
a d-dimensional context vector. The agent not only incurs and observes
the loss of the chosen action but also observes the losses of its neighboring
actions in observation structures which are encoded as a series of feedback
graphs. Two algorithms are developed based on EXP3. Under mild conditions,
our analysis shows that for undirected feedback graphs the first algorithm,
EXP3-LGC-U, achieves the regret of O(v/(L + a(G)d)T log L) where a(G) is
the average independence number of the feedback graphs. A slightly weaker

result is presented for the directed graph setting as well. The second algo-
rithm, EXP3-LGC-1IX, is developed for a special class of problems, for which
the regret is reduced to O(y/a(G)dT log Llog(LT)) for both directed and
undirected feedback graphs.

Part IT (Chapter 6) studies the joint community detection and phase syn-
chronization problem on the stochastic block model with relative phase where
each node is associated with an unknown phase angle. This problem, with a
variety of real-world applications, aims to recover the cluster structure and
associated phase angles simultaneously. We show this problem exhibits a
multi-frequency structure by closely examining its maximum likelihood esti-
mation (MLE) formulation, whereas existing methods are not originated from
this perspective. To this end, two simple yet efficient algorithms that lever-
age the MLE formulation and benefit from the information across multiple
frequencies are proposed. The former is a spectral method based on the novel
multi-frequency column-pivoted QR factorization. The factorization applied
to the top eigenvectors of the observation matrix provides key information
about the cluster structure and the associated phase angles. The second ap-
proach is an iterative multi-frequency generalized power method where each
iteration updates the estimation in a matrix-multiplication-then-projection
manner. Numerical experiments show that the proposed algorithms signifi-
cantly improve the ability of exactly recovering the cluster structure and the

accuracy of the estimated phase angles, compared to SOTA algorithms.
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Part III of this dissertation (Chapters 7 and 8) focuses on acceleration
methods for convex optimization problems. Chapter 7 introduces almost
tune-free stochastic variance reduced gradient (SVRG) algorithm and stochas-
tic recursive gradient (SARAH) algorithm equipped with i) Barzilai-Borwein
(BB) step sizes; ii) averaging; and, iii) the inner loop length adjusted to
the BB step sizes. In particular, SVRG, SARAH, and their BB variants are
first re-examined through an estimate sequence lens to enable new averaging
methods that tighten their convergence rates theoretically and improve their
performance empirically when the step size or the inner loop length is chosen
large. Then a simple yet effective means to adjust the number of iterations
per inner loop is developed to enhance the merits of the proposed averaging
schemes and BB step sizes. Chapter 8 introduces and analyzes a variant
of the Frank Wolfe (FW) algorithm termed ExtraF'W that has faster rate
O(1/k?) on a class of machine learning problems where & is the iteration in-
dex. Compared with other parameter-free FW variants that have faster rates
on the same problems, ExtraF'W has improved rates and fine-grained analysis
thanks to its prediction-correction update. Numerical experiments on binary
classification with different sparsity-promoting constraints demonstrate that
the empirical performance of ExtraFW is significantly better than FW and
even faster than Nesterov’s accelerated gradient on certain datasets. For

matrix completion, ExtraF'W enjoys smaller optimality gap and lower rank
than FW.
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CHAPTER 1

INTRODUCTION

Machine learning (ML) is a field devoted to understanding and building meth-
ods that learn, that is, methods that leverage data to improve performance
on some set of tasks [3]. It has fundamentally reshaped the world and im-
proved most people’s lives during the past decades, as tremendous progress
and advancement have been made in this filed. Due to its wide applicability
and remarkable performance, techniques developed by ML have been deeply
embedded into real world applications, such as autonomous driving, recom-
mendation systems, web search, speech recognition, and medicine design, to
name a few.

As a cross-disciplinary field, ML covers plenty of topics across optimiza-
tion, statistics, probability, modeling, etc. This dissertation, a summary of
my Ph.D. research, presents several topics in ML, including sequential pre-
diction and decision making, joint community detection and phase synchro-
nization, and acceleration methods for convex optimization. In Part I , we
study two sequential prediction problems and two sequential decision making
problems, including robust nonparametric distribution forecast [4], spatio-
temporal sequence model for climate prediction [5], cascading bandits [6] in
the piecewise-stationary environment [7], and adversarial graphical contex-
tual bandits [8]. In Part II, we study on an emerging problem, joint commu-
nity detection and phase (group) synchronization [9], which aims to recover
the cluster structure and the associated phase (group) simultaneously. For
convex optimization (Part III ), we mainly focus on the acceleration meth-
ods, in which we introduces almost tune-free stochastic variance reduction
algorithms [10] and an accelerated Frank-Wolfe (FW) algorithm [11].



1.1 Sequential Prediction and Decision Making

1.1.1 Convolutional GRU Network for Seasonal Prediction of
the El Nino-Southern Oscillation

The El Nino-Southern Oscillation (ENSO) phenomenon over the tropical Pa-
cific region is the most energetic driver of climate variability on the seasonal
to interannual timescales [12]. It can significantly influence global oceanic
and atmospheric dynamics, particularly during its irregular warming (El
Nifo) and cooling (La Nina) phases. The impacts of ENSO are widespread,
leading to anomalous temperature and precipitation patterns on a global
scale [13, 14, 15], as well as causing extreme and hazardous weather con-
ditions on regional scales, such as winter to early spring tornado outbreaks
in the United States [16], tropical cyclone intensity changes in northwest-
ern Pacific [17], and unusual fire weather in Australia [18] and the United
States [19]. Consequently, accurate prediction of sea surface temperature
(SST) maps within the ENSO region and its associated Nifo indices—for in-
stance, Nifo 142, 3, 3.4, and 4 [20, 21, 22]—has become a critical area of re-
search. Reliable ENSO prediction can provide valuable insights for decision-
making processes in various sectors, including government agencies, food and
insurance industries, and transportation, enabling them to prepare for the
associated impacts [23, 24].

Prediction models for SST maps within the ENSO region and the associ-
ated Nino indices can be broadly classified into two types: dynamical mod-
els and statistical models. Dynamical models, such as the north American
multi-model ensemble (NMME) [25], are commonly used for the seasonal
ENSO prediction. However, these model ensembles are computationally in-
tensive, sensitive to initialization conditions, and thus expensive to run. Con-
sequently, dynamical models usually require multiple model runs with various
initialization conditions with the help of supercomputers. In contrast, Chap-
ter 2 focuses on the statistical models due to their simplicity and comparable
prediction skill to dynamical models [26, 27, 28]. One widely used statistical
ENSO prediction model is the linear inverse model (LIM) [29, 30], which em-
ploys principal components analysis and Markov prediction to approximate
trends and predict future states based on empirical orthogonal functions, sim-

ilar to linear regression (LR) [28]. However, LIM fails to capture nonlinear



ENSO dynamics—for instance, surface-subsurface interactions and surface
winds [31]—and can lead to underestimation of ENSO variability. Another
type of statistical prediction model is based on Lorenz’s analog forecasting
(AF) [32]. Imitially, AF based models use observed or free-running model
data as libraries of states. Predictions are then generated by matching states
in the library that are very similar to observed data at prediction initializa-
tion and follow the evolution on these so-called analogs. Advantages of AF
based models include avoiding expensive and unstable initialization systems
and reducing structural model error. The recently introduced kernel ana-
log forecasting (KAF) model [33, 28, 34], as a generalization of conventional
AF based models, utilizes nonlinear kernels to better capture nonlinearity
in ENSO dynamics. Recently, with the development of deep learning tech-
niques, the convolutional neural network (CNN) [35] and long short-term
memory (LSTM) network [36, 37] have been used for predicting Nifio in-
dices, but their prediction skills have hardly been extended to predict spatial
patterns in SST variability within the ENSO region.

In Chapter 2, we propose the use of a convolutional gated recurrent unit
(ConvGRU) network, inspired by and modified from the original develop-
ments [38, 39, 40], to predict SST maps within the ENSO region, along with
the Nino 3.4 index as a downstream task, which is the most commonly used
index to define El Nino and La Nina events [22]. The ConvGRU network has
an encoder-decoder sequence-to-sequence (Seq2Seq) structure, with both the
encoder and the decoder consisting of multi-layer ConvGRU cells. The en-
coder compresses the input SST maps of the Pacific region into hidden states
across all layers, and the decoder unfolds the hidden states from the encoder
to generate predictions within the ENSO region. The ConvGRU cell, a key
component of both the encoder and the decoder, incorporates several 2D con-
volutional layers. This architecture enables the ConvGRU network to take
historical SST maps of the Pacific region as inputs and generate future SST
maps of the ENSO region for subsequent months, taking into consideration
of spatio-temporal correlation of the SST maps. Moreover, this architecture
significantly reduces the number of network parameters while accelerating
the training process.

To evaluate the performance of the ConvGRU network, we conduct nu-
merical experiments and compare it against existing models, such as KAF,
LIM, Seq2Seq with GRU, LR, and CNN using global climate ensembles and



atmospheric reanalysis datasets. These datasets include two SST simulation
datasets and one surface air temperature reanalysis dataset. The comparison
results demonstrate that the ConvGRU network achieves significant improve-
ments over other models in terms of useful prediction range, Pearson corre-
lation (PC), root-mean-square error (RMSE), and weighted mean absolute
percentage error (WMAPE).

By developing an improved prediction model that accurately captures the
complex dynamics and spatial patterns of SST within the ENSO region,
Chapter 2 aims to contribute to better understanding and prediction of
ENSO-related climate phenomena. Further research can explore further en-
hancements to the network architecture and investigate its applicability to

other climate-related features and prediction tasks.

1.1.2  Robust Nonparametric Distribution Forecast with
Backtest-based Bootstrap and Adaptive Residual
Selection

Time series forecasting is crucial in many industrial applications and enables
data-driven planning [41, 42, 43], such as making production capacity or
inventory allocation decisions based on demand forecast [44]. Planners or
optimization systems that consume the forecast often require the estimated
distribution of the response variable (referred to as the distribution forecast,
or the DF) instead of only the estimated mean/median (referred to as the
point forecast, or the PF) to make informed and nuanced decisions. An
accurate DF method should ideally factor in different sources of forecast
uncertainty, including uncertainty associated with parameter estimates and
model misspecification [42]. Furthermore, when deploying a DF model in
industrial applications, there are other important practical considerations
such as the ease of adoption, latency, interpretability, and robustness to
model misspecification. To this end, a practical and robust DF framework
that uses backtesting [45] is proposed in Chapter 3 to build a collection of
predictive residuals and an adaptive residual selector to pick the relevant
residuals for bootstrapping DF.

We empirically evaluate the performance of various DF approaches on our

in-house product sales data and the M4-hourly [46, 47] competition data. The



proposed DF approach reduces the absolute coverage error (ACE) by more
than 63% compared to the classic bootstrap approaches and by 2% — 32%
compared to a variety of state-of-the-art (SOTA) deep learning approaches.

1.1.3 Piecewise-Stationary Cascading Bandits

Online recommendation [48] and web search [49, 50] are of significant im-
portance for the modern economy. Based on a user’s browsing history, these
systems strive to maximize satisfaction and minimize regret by presenting
the user with a list of items (e.g., web pages and advertisements) that meet
her /his preference. Such a scenario can be modeled via cascading bandits
(CB) [6], where an agent aims to identify the K most attractive items out
of total L items contained in the ground set. The learning task proceeds
sequentially, where per time slot, the agent recommends a ranked list of K
items and receives the reward and feedback on which item is clicked by the
user.

CB can be viewed as multi-armed bandits (MAB) tailored for the cascade
model (CM) [51], where CM models a user’s online behavior. Existing works
on CB [6, 52] can be categorized according to whether stationary or non-
stationary environment is studied. In stationary environments, the attraction
distributions of items do not evolve over time. On the other hand, non-
stationary environments are prevalent in real-world applications such as web
search, online advertisement, and recommendation since user’s preference
is time-varying [53, 54, 55]. Algorithms designed for stationary scenarios
can suffer from a linear regret when applied to non-stationary environments
directly [56, 57].

Chapter 4 focuses on the piecewise-stationary environment, where the
user’s preference remains stationary over some number of time slots, named
piecewise-stationary segments, but can shift abruptly at some unknown times,
called change-points. To address the piecewise-stationary environment, one
can either choose passively adaptive approaches [57, 58, 59] or actively adap-
tive approaches 60, 61, 62, 63]. Passively adaptive approaches ignore when a
change-point occurs. For active adaptive approaches, a change-point detec-
tion algorithm such as CUSUM [64, 61], Page Hinkley Test (PHT) [65, 61], or

comparing running sample means over a sliding window (CMSW) [60] is in-



cluded. Within the area of piecewise-stationary CB, only passively adaptive
approaches have been studied [56]. In Chapter 4, we introduce the generalized
likelihood ratio test (GLRT) [66, 62] for actively adaptive CB algorithms. In
particular, we develop two GLRT based algorithms GLRT-Cascade-UCB and
GLRT-CascadeKL-UCB to enhance both theoretical and practical effectiveness

for piecewise-stationary CB.

1.1.4 Adversarial Graphical Contextual Bandits

Since the classical MAB does not fully leverage the widely available side in-
formation, it is not delicate enough for real world applications. This has
motivated studies on conteztual bandits [67, 68, 69, 70] and graphical ban-
dits [71, 72, 73, 74], which aim to address two categories of the most common
side information, contexts and side observations, respectively. In a contextual
bandit problem, a learning agent chooses an action to play based on the con-
text for the current time slot and the past interactions. In a graphical bandit
setup, playing an action not only discloses its own loss, but also the losses
of its neighboring actions. Applications of contextual bandits include mobile
health [75] and online personalized recommendation [67, 76, 77], whereas ap-
plications of graphical bandits include viral marketing, online pricing, and
online recommendation in social networks [74, 78].

However, contextual or graphical bandits alone may still not capture many
aspects of real-world applications in social networks efficiently. As a moti-
vating example, consider the viral marketing over a social network where a
salesperson aims to investigate the popularity of a series of products [79]. At
each time slot, the salesperson could offer a survey (context) of some product
to a user together with a promotion. The salesperson also has a chance to
survey the user’s followers (side observations) in this social network which
can be realized by assuming that i) if the user would like to get the pro-
motion, the user should finish the questionnaire and share it in the social
network, and ii) if the followers would like to get the same promotion, they
need to finish the same questionnaire shared by the user.

Chapter 5 presents the first study on adversarial linear contextual bandits
with graph-structured side observations (or simply, graphical contextual ban-

dits). Specifically, at each time slot ¢, an adversary chooses the loss vector



for each action in a finite set of L actions, and then a learning agent chooses
from this L-action set after being presented with a d-dimensional context.
After playing the chosen action, the agent not only incurs and observes the
loss of the chosen action, but also observes losses of its neighboring action
in the feedback graph G;, where the losses are generated by the contexts
and loss vectors under the linear payoff assumption [80]. The goal of the
agent is to minimize the regret, defined as the gap between the losses in-
curred by the agent and that of some suitable benchmark policy. Under
mild conditions, we develop two algorithms for this problem with theoretical
guarantees: i) EXP3-LGC-U, inspired by EXP3-SET [72, 74| and LinEXP3 [81];
ii) EXP3-LGC-IX, inspired by EXP3-IX [82] and LinEXP3.

1.2 Multi-Frequency Joint Community Detection and
Phase Synchronization

Community detection on stochastic block model (SBM) [83] and phase syn-
chronization [84], are both of fundamental importance among multiple fields,
such as ML [85, 86], social science [87, 88|, and signal processing [89, 90, 91],
to name a few.

Community detection on SBM. Consider the symmetric SBM with
N nodes that fall into M underlying clusters of equal size s = V/m. SBM
generates a random graph G such that each pair of nodes (4, j) are connected
independently with probability p if (¢, 7) belong to the same cluster and with
probability ¢ otherwise. The goal is to recover underlying cluster structure
of nodes, given the adjacency matrix Agpy € {0, 1}V of the observed
graph G. During the past decade, significant progress has been made on the
information-theoretic threshold of the exact recovery on SBM [92, 93, 83,
in the regime where p = @logN/x ¢ = 8logN/y_and /a — /B > VM. The
maximum likelihood estimation (MLE) formulation of community detection
on SBM

gg;{( <ASBM,HHT>, (11)

is capable of achieving the exact recovery in the above regime, where H :=
{H € {0,1}M: H1,y = 15, H "1y = s1,/} is the feasible set. However,
the MLE (1.1) is non-convex and NP-hard in the worst case. Therefore,



different approaches based on MLE (1.1) or other formulations are proposed
to tackle this problem such as spectral method [94, 95, 96, 97, 98, 99, 100,
101], semidefinite programming (SDP) [92, 102, 103, 104, 105, 106, 107, 108,
109], and belief propagation [93, 110].

Phase synchronization. The phase synchronization problem concerns
recovering phase angles 0y, ...,0x in [0,27) from a subset of possibly noisy
phase transitions 6,; := (6; — 6;) mod 27. The phase synchronization prob-
lem can be encoded into an observation graph G where each phase angle is
associated with a node i, and the phase transitions are observed between
¢; and 60; if and only if there is an edge in G connecting the pair of nodes
(i, 7). Under the random corruption model [84, 111], observations constitute

a Hermitian matrix whose (i, j)th entry for any i < j satisfies,

A e 00 ); with probability r € [0, 1),
Phyij =
’ u;; ~ Unif(U(1)), with probability 1 —r,

where ¢ = v/—1 is the imaginary unit, and U(1) is unitary group of dimension
1. The most common formulation of the phase synchronization problem is

through the following nonconvex optimization program

361%23 <Aph,w:cH>, (1.2)
where C} is the Cartesian product of N copies of U(1). Again, similar to
SBM, solving (1.2) is non-convex and NP-hard [112]. Many algorithms have
been proposed for practical and approximate solutions of (1.2), including
spectral and SDP relaxations [84, 113, 114, 115, 116], and generalized power
method (GPM) [117, 118, 119]. Besides, [120, 121, 122] consider the phase
synchronization problem in multiple frequency channels which in general out-
performs the formulation (1.2).

Recently, an increasing interest [123, 1, 2] has been seen in the joint com-
munity detection and phase (or group) synchronization problem (joint esti-
mation problem, for brevity). As illustrated in Figure 1.1, the joint esti-
mation problem assumes data points associated with phase angles (or group
elements) in a network fall into M underlying clusters, and aims to simul-
taneously recover the cluster structure and the associated phase angles (or

group elements). The joint estimation problem is motivated by the 2D class



), is noise 0,

bij=6:=6; ¢, .
o 0O o
o5 m SR
T O O ) oo H
O O .
O O
O o © O "
O W.p.p

Figure 1.1: Hlustration of the joint estimation problem on a network with
two clusters of equal size. Each node is associated with a phase angle. Each
pair of nodes within the same cluster (resp. across clusters) are
independently connected with probability p (resp. ¢) as shown in solid
(resp. dash) lines. Also, a phase transition 6,; = 6; — 6, (resp. 6;; is noise)
is observed on each edge (i, j) within each cluster (resp. across clusters).
The goal is to recover the cluster structure and the associated phase angles
simultaneously.

averaging procedure in cryo-electron microscopy (cryo-EM) single particle
reconstruction [124, 89, 90|, which aims to cluster 2D projection images taken
from similar viewing directions, align (U(1) or SO(2) synchronization due to
the in-plane rotation) and average projection images in each cluster to im-
prove their signal-to-noise ratio.

Chapter 6 studies the joint estimation problem based on the probabilistic
model, stochastic block model with relative phase (SBM-Ph), which is sim-
ilar to the probabilistic model considered in recent publications [1, 2, 123].
Specifically, given N nodes in a network assigned into M underlying clusters
of equal size s = N/m, we assume that each node i is associated with an
unknown phase angle 07 € Q, where (2 is a discretization of [0, 27)!. For each
pair of nodes (i, 7), if they belong to the same cluster, their phase transition
6;; := (0;—0;) mod 27 can be obtained with probability p; otherwise, we ob-
tain noise generated uniformly at random from €2 with probability g. The goal
of the joint estimation problem is to simultaneously recover the cluster struc-
ture and the associated phase angles. This problem can be formulated as an
optimization program maximizing not only the edge connections inside each

cluster, but also the consistency among the observed phase transitions within

!The joint estimation problem is also extended into [0,27) in Section 6.2.3.



each cluster. Still, such kind of optimization programs, similar to commu-
nity detection on SBM (1.1) and phase synchronization (1.2), is non-convex.
In [123, Fan et al., 2022], an SDP based method is proposed to achieve ap-
proximate solutions with a polynomial computational complexity. [1, Fan et
al., 2023| proposes a spectral method based on the block-wise column-pivoted
QR (CPQR) factorization which scales linearly with the number of edges in
the network. The most recent work [2] develops an iterative GPM where each
iteration follows a matrix-multiplication-then-projection manner. The itera-
tive GPM requires an initialization and the computational complexity of each
iteration also scales linearly with the number of edges in the network. How-
ever, existing methods are not developed from the MLE perspective which
limits their performance on the joint estimation problem.

Unlike existing methods, Chapter 6 studies the joint estimation problem by
first closely examining its MLE formulation which exhibits a multi-frequency
structure (detailed in Section 6.2). More specifically, the MLE formulation is
maximizing the summation over multiple frequency components whose first
frequency component is actually the objective function studied in [123, Fan
et al., 2022], [1, Fan et al., 2023], and [2, Chen et al, 2021]. Based on the
new insight, a spectral method based on the multi-frequency column-pivoted
QR (MF-CPQR) factorization and an iterative multi-frequency generalized
power method (MF-GPM) are proposed to tackle the MLE formulation of the
joint estimation problem, and both significantly outperform SOTA methods

in numerical experiments.

1.3 Acceleration Methods for Convex Optimization

1.3.1 Almost Tune-Free Variance Reduction

Consider the empirical risk minimization (ERM) problem,

min () = > fi(x) (13

x€Rd .
i€[n]

where x € R? is the parameter vector to be learned from data; the set [n] :=

{1,2,...,n} collects data indices; and, f; is the loss function associated with

10



datum . Suppose that f is p-strongly convex and has L-Lipchitz continuous
gradient. The condition number of f is denoted by k := L/u. Throughout,
x* denotes the optimal solution of (1.3). The standard approach to solve
(1.3) is gradient descent (GD) [125], which updates the decision variable via

Xk+1 = X — va(xk)7

where k is the iteration index and 7 the step size (or learning rate). For a
strongly convex f, GD convergences linearly to x*, that is, ||x; — x*[|? <
(cx)¥|lxo — x*||? for some k-dependent constant ¢, € (0,1) [125].

In the big data regime however, where n is large, obtaining the gradi-
ent per iteration can be computationally prohibitive. To cope with this,
the stochastic gradient descent (SGD) reduces the computational burden by
drawing uniformly at random an index i) € [n| per iteration k and adopting
V fi.(xx) as an estimate of V f(x;). Albeit computationally lightweight with
the simple update

X1 = X — MV fi, (Xi),

the price paid is that SGD comes with sublinear convergence, hence slower
than GD [126, 127]. It has been long recognized that the variance E[||V f;, (x;)—
V f(x¢)||?] of the gradient estimate affects critically SGD’s convergence slow-
down.

This naturally motivated gradient estimates with reduced variance com-
pared with SGD’s simple V f;, (x;). A gradient estimate with reduced vari-
ance can be obtained by capitalizing on the finite sum structure of (1.3). One
idea is to judiciously evaluate a so-termed snapshot gradient V f(xs) and use
it as an anchor of the stochastic draws in subsequent iterations. Members
of the variance reduction family include stochastic variance reduced gradient
algorithm (SVRG) [128], stochastic average gradient algorithm (SAG) [129],
SAGA [130], mixed-integer surrogate optimization (MISO) [131], stochastic
recursive gradient algorithm (SARAH) [132], and their variants [133, 134,
135, 136]. Most of these algorithms rely on the update xx1 = x5 — NV,
where 77 is a constant step size and vy is an algorithm-specific gradient es-
timate that takes advantage of the snapshot gradient. In Chapter 7, SVRG

and SARAH are of central interest because they are memory efficient com-
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pared with SAGA and have no requirement for the duality arguments that
stochastic dual coordinate ascent algorithm (SDCA) [137] entails. Variance
reduction methods converge linearly when f is strongly convex. To fairly
compare the complexity of (S)GD with that of variance reduction algorithms
which combine snapshot gradients with the stochastic ones, we will rely on
the incremental first-order oracle (IFO) [138].

Definition 1.1. An IFO takes f; and x € R? as input and returns the
(incremental) gradient V f;(x).

For convenience, IFO complexity is abbreviated as complexity in Chap-
ter 7. A desirable algorithm obtains an e-accurate solution satisfying
E[IVf(x)]?] < € or E[f(x) — f(x*)] < e with minimal complexity for a
prescribed e. Complexity for variance reduction alternatives such as SVRG
and SARAH is (’)((n + k) In %), a clear improvement over GD’s complex-
ity O(Tm In %) When high accuracy (small €) is desired, the complexity of
variance reduction algorithms is also lower than SGD’s complexity of O(%)
Though theoretically appealing, SVRG and SARAH entail grid search to
tune the step size which is often painstakingly hard and time consuming. An
automatically tuned step size for SVRG was introduced by Barzilai-Borwein
(BB) [139, 140]. However, since both SVRG and SARAH have a double-
loop structure, the inner loop length also requires tuning in addition to the
step size. Other works relying on BB step sizes introduce additional tunable
parameters on top of the inner loop length [141]. In a nutshell, tune-free
variance reduction algorithms still have desired aspects to investigate and
fulfill.

Along with the BB step sizes, Chapter 7 establishes that in order to obtain
tune-free SVRG and SARAH schemes, one must: i) develop novel types
of averaging, and ii) adjust the inner loop length along with step size as
well. Averaging in double-loop algorithms reflects the means of choosing the
starting point of the next outer loop [128, 140, 132]. The types of averaging
considered so far have been employed as tricks to simplify proofs while in the
algorithm itself, the last iteration is the most prevalent choice for the starting
point of the ensuing outer loop. However, we contend that different averaging
methods result in different performance. The best averaging depends on the
choice of other parameters. In addition to averaging, we argue that the choice
of the inner loop length for BB-SVRG in [140] is too pessimistic. Addressing

12



this with a simple modification leads to the desired almost tune-free SVRG
and SARAH.

1.3.2 Parameter-Free Frank Wolfe with Faster Rates

Consider the optimization problem

min - f(x), (1.4)
where f is a smooth convex function, while the constraint set X C R? is
assumed to be convex and compact, and d is the dimension of the variable
x. Throughout we denote by x* € X a minimizer of (1.4). For many ML
and signal processing problems, the constraint set X can be structural but
it is difficult or expensive to project onto. Examples include matrix comple-
tion in recommendation systems [142] and image reconstruction [143], whose
constraint sets are nuclear norm ball and total-variation norm ball, respec-
tively. The applicability of projected GD [125] and Nesterov’s accelerated
gradient (NAG) [144, 145, 146] is thus limited by the computational barriers
of projection, especially as d grows large.

An alternative to GD for solving (1.4) is the Frank Wolfe (FW) algorithm
(147, 148, 149], also known as the conditional gradient method. FW circum-
vents the projection in GD by solving a subproblem with a linear loss per
iteration. For a structural X', such as the constraint sets mentioned earlier,
it is possible to solve the subproblem either in closed form or through low-
complexity numerical methods [148, 150], which saves computational cost
relative to projection. In addition to matrix completion and image recon-
struction, FW has been appreciated in several applications including struc-
tural support vector machine [151], video colocation [152], optimal transport
[153], and submodular optimization [154], to name a few.

Although FW has well documented merits, it exhibits slower convergence
when compared to NAG. Specifically, FW satisfies f(x;) — f(x*) = O(3),
where the subscript k is iteration index. This convergence slowdown is con-
firmed by the lower bound which indicates that the number of FW subprob-
lems to solve in order to ensure f(x;) — f(x*) < € is no less than O(21)
[155, 148]. Thus, FW is a lower-bound-matching algorithm in general. How-

ever, improved FW type algorithms are possible either in empirical perfor-
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mance or in speedup rates for certain subclasses of problems. Next, we deal
with these improved rates paying attention to whether implementation re-
quires knowing parameters such as the smoothness constant or the diameter
of X.

Parameter-dependent FW with faster rates. This class of algorithms uti-
lizes parameters that are obtained for different instances of f and X'. Depend-
ing on the needed parameters, these algorithms are further classified into: i)
line search based FW, ii) shorter step size aided FW, and iii) conditional
gradient sliding (CGS). Line search based FW relies on f(x) evaluations
which renders inefficiency when acquisition of function values is costly. The
vanilla FW with line search converges with rate (’)(%) on general problems
[148]. Jointly leveraging line search and away steps, variants of FW converge
linearly for strongly convex problems when X is a polytope [156, 149]; see
also [157, 158]. To improve the memory efficiency of away steps, a variant
is further developed in [159, Garber et al., 2016]. Shorter step sizes refer
to those used in [160, Levitin et al, 1966] and [150, Garber et al., 2015],
where the step size is obtained by minimizing an 1D quadratic function over
[0,1]. Shorter step sizes require the smoothness parameter, which needs to
be estimated for different loss functions. If & is strongly convex and the
optimal solution is at the boundary of X, it is known that FW converges
linearly [160]. For uniformly (and thus strongly) convex sets, faster rates are
attained given that the optimal solution is at the boundary of X' [161]. When
both f and X are strongly convex, FW with shorter step size converges at
a rate of O(k%), regardless of where the optimal solution resides [150]. The
last category is CGS, where both smoothness parameter and the diameter
of X are necessary. In CGS, the subproblem of the original NAG that relies
on projection is replaced by gradient sliding that solves a sequence of FW
subproblems. A faster rate O(7%) is obtained at the price of: i) requiring
at most O(k) FW subproblems in the kth iteration and ii) an inefficient im-
plementation since the NAG subproblem has to be solved up to a certain
accuracy.

Parameter-free FW. The advantage of a parameter-free algorithm is its
efficient implementation. Since no parameter is involved, there is no concern
on the quality of parameter estimation. This also saves time and effort be-
cause the step sizes do not need tuning. Although implementation efficiency

is ensured, theoretical guarantees are challenging to obtain. This is because
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f(xgs1) < f(xg) cannot be guaranteed without line search or shorter step
sizes. Faster rates for parameter-free FW are rather limited in number, and
most of existing parameter-free FW approaches rely on diminishing step sizes
at the order of O(%) For example, the behavior of FW when £ is large and
X is a polytope is investigated under strong assumptions on f(x) to be twice
differentiable and locally strongly convex around x* [162]. Accelerated FW
(AFW) [163] replaces the subproblem of NAG by a single FW subproblem,
where constraint-specific faster rates are developed. Taking an active £5 norm
ball constraint as an example, AFW guarantees a rate of 0(112‘—2’“) A natural
question is whether the In &k in the numerator can be eliminated. In addition,
although the implementation involves no parameter, the analysis of AFW
relies on the value maxyey f(x).

Aiming at parameter-free FW with faster rates (on certain constraints)
that can bypass the limitations of AFW, Chapter 8 deals with the design and
analysis of ExtraF'W. The eztra in its name refers to the pair of gradients
involved per iteration, whose merit is to enable a prediction-correction (PC)
type of update. Though the idea of using two gradients to perform PC
updates originates from projection-based algorithms, such as ExtraGradient
[164] and Mirror-Prox [165, 166, 167], leveraging PC updates in FW type

algorithms for faster rates is novel.
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CHAPTER 2

CONVOLUTIONAL GRU NETWORK FOR
SEASONAL PREDICTION OF THE EL
NINO-SOUTHERN OSCILLATION

2.1 Preliminaries

2.1.1 ENSO Region Prediction Problem

We address the ENSO region prediction problems which involves predict-
ing future SST map sequences within the ENSO region of the Pacific, given
previously observed gridded SST maps of the Pacific region. Suppose that
SST maps of the Pacific region are sampled and averaged monthly on a grid
of size M x N, representing an SST map of the Pacific region as a ma-
trix in RM*N for a specific month. As monthly records of SST maps of
the Pacific region are accumulated, a sequence of such matrices is obtained,
Xi,...,X,,...(€ RM*N) where t denotes a specific month. Given the pre-
vious J-month (referred to as the condition range) observed SST maps of the
Pacific region, including the current one, represented as X;_ Tt € RIXMXN,
The ENSO region spatio-temporal sequence prediction problem at month ¢
aims to predict the most likely K-month (referred to as the prediction range)
future SST maps within the ENSO region. These predicted maps are denoted
as Vi1, ..., Yiig(€ RM*N) abbreviated as Y 1.k € REXM*N - Formally,

the problem can be stated as follows:

Y, 144k = argmax P <Yt+1:t+K ‘ Xt—J—i—l:t) : (2.1)
Yiti+x

The extent of the ENSO region for the predicted maps can cover the en-

tire Pacific region or any other region within the Pacific, depending on the

downstream task, for example, the south Pacific decadal oscillation [169]. In

real-world applications, SST maps of the Pacific region are typically sampled

and averaged monthly on a latitude-longitude grid of a specific resolution,
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such as 1°x 1° per latitude-longitude grid cell, and the prediction range spans
12 and 24 months.

The ENSO region prediction problem encompasses a series of downstream
tasks, such as predicting Nino indices. It holds potential applications in other

climate-related features such as fire weather and drought indices [18, 170].

2.1.2  Models for Spatio-Temporal Sequence Prediction

There exists a range of approaches for spatio-temporal sequence prediction,
including ML and traditional statistical models. We categorize these models
into autoregressive models and statistical models, highlighting their applica-

bility to weather and climate related tasks.

Autoregressive Models

Autoregressive models have found widespread usage in time series predic-
tion problems, including RNNs such as vanilla RNN [171], LSTM [36], and
GRU [172]. One multivariate variant of general-purpose RNN, known as
fully-connected RNN (FC-RNN) [38, 173], is among the earliest models em-
ployed for the spatio-temporal sequence prediction, which takes vectorized

inputs (spatio maps). The main equations for FC-LSTM can be summarized

as follows:
iy = 0;(Wizxy + Winhe_1 + b;), e Input gate
fi = 0f(Wiepxy + Wephey + by), e Forget gate
or = 0o(Wozy + Worhi—1 + b,), e Output gate
¢ = oz(Weapxy + Waphy—1 + bz), e New memory cell
= fi®c_1+1i O, e Final memory cell
hi = 0y © op(ey), e Hidden state

where ©® represents the element-wise product (Hardmard product), and o(+)
is either the sigmoid or tanh function.

However, FC-LSTM has limitations in efficiently capturing spatial correla-
tions. To overcome this drawback, ConvLSTM [38] is introduced, which
incorporates 2-D convolutional layers within an LSTM cell. ConvLSTM
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has been further enhanced with various variants and successors such as
TrajGRU [39], CDNA [174], PredRNN [175]. Another kind of autoregres-
sive models for spatio-temporal sequence prediction is based on transform-
ers [176, 177]. Additionally, autoregressive models have been combined with
other techniques, such as graph neural networks [178, 179] and generative
models [180], leading to significant achievements in short to medium-range
weather prediction and other spatio-temporal sequence prediction applica-

tions.

Traditional Statistical Climate Models

Statistical climate models employ statistical techniques tailored for climate-
related data analysis and prediction. Examples include LIM [29, 30] and
KAF [28, 33, 34].

LIM assumes that the dynamics of a system can be described by a linear

stochastic differential equation of the form:

dx
— =B )
o T+

Here x(t) represents the state of the system at time ¢, B is a time-independent
operator, and ¢ is stationary white noise. For stationary statistics, B must

be dissipative, meaning that its eigenvalues have negative real parts, and
C(1)=G(7)C(0) and G(1)=exp(BT),

where C(0) and C(7) are covariances of @ at lags 0 and 7, respectively. In
prediction problems, G(7)x(t) represents the best linear prediction of the
state at time ¢ + 7, given the state at time . The matrices B and G can
then be determined as B = 71 1In (C(7)C(0)71).

KAF is a generalization of AF [26, 32], incorporating both nonlinear ker-
nel methods and operator-theoretic ergodic theory [181]. By establishing
a rigorous connection with Koopman operator theory [182] for dynamical
systems, KAF can generate statistically optimal predictions as conditional
expectations. KAF is particularly useful when dealing with noisy and par-
tially observed data during prediction initialization.

These models form foundations for the spatio-temporal sequence prediction
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and have been applied to various weather and climate problems. However,
one should note that i) LIM is not capable of capturing nonlinear dynamics
with the ENSO region, ii) KAF is usually applied to Nifio index prediction
task, and is not capable of predicting the spatial pattern within the ENSO
region. Those limitations of statistical models motivate the proposal of the
ConvGRU network.

2.2 Methodology

We now propose our ConvGRU network, which is inspired by and modified
from the ConvGRU model [39, 40], for the ENSO region spatio-temporal
sequence prediction. The ConvGRU network incorporates 2D convolutional
layers in both input-to-(hidden) state and (hidden) state-to-(hidden) state
transitions within a ConvGRU cell. This modification offers several advan-
tages over the FC-GRU cell, efficiently capturing spatial correlations of SST
maps and reducing the number of network parameters. The ConvGRU net-
work is composed of multiple stacked ConvGRU cells and follows an encoder-
decoder Seq2Seq structure. During the training process, samples are gener-

ated from fixed-length windows with different starting points.

2.2.1 Convolutional GRU cell

Figure 2.1: Hlustration of 2D convolutional layers within a ConvGRU cell.
Convolutional layers are applied to update gate, reset gate, and new
memory cell (see (2.2)).

If we were to tackle the ENSO region spatio-temporal sequence predic-

tion problem in (2.1) using a network built with FC-GRU cells, we would
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need to vectorize inputs and hidden states before performing matrix mul-
tiplication. These steps are essentially equivalent to fully connected layers
in a neural network. However, the vectorization and matrix multiplication
steps are not required when using ConvGRU cells. Instead, a ConvGRU cell
employs 2D convolutional layers which offers several advantages, including
extracting meaningful spatial correlation features, reducing the number of
network parameters, and speeding up the training process.

The equations for the ConvGRU cell can be expressed as follows:

2 =0,(WyxI; + W, « H_1+b,), e Update gate
re=0,(Wypsx I + Wy« H_1 +b,), e Reset gate

H, =0;(W; « I, + Wi, * (r, © H,_,) +b;), e New memory cell
H =(1-2%z)06 H +20 H, e Hidden state

(2.2)
where * represents the convolution operator. Here, input I;, hidden state Hy,
update gate z, reset gate ry, and new memory cell H, are all 3D tensors,
with the last two dimensions representing the spatial dimensions (rows and
columns). Figure 2.1 illustrates the application of 2D convolutional layers
within a ConvGRU cell for both the input-to-(hidden) state and (hidden)
state-to-(hidden) state transitions. This allows the future hidden state in a
specific grid cell to extract relevant information locally from its neighboring
inputs and past hidden states. The size of the neighbors considered by a
grid cell is determined by the size of the convolutional kernel. A large kernel
is recommended for fast-evolving spatio-temporal sequences, while a small

kernel is more suitable for slow-varying sequences.

2.2.2  Encoder-Decoder Seq2Seq Structure

We utilize ConvGRU cells in (2.2) as a key component to construct our Con-
vGRU network for ENSO region spatio-temporal sequence prediction. We
recognize this as a Seq2Seq learning problem in (2.1) that can be effectively
addressed using the encoder-decoder Seq2Seq structure [172, 183].

Figure 2.2 illustrates the architecture of the ConvGRU network for a 3-
layer example, where the number of layers can be adjusted based on per-

formance considerations, such as RMSE. The ConvGRU network consists of

22



/ Hopna (o erucal—za, . Mo Rl h
[eom | [eom ]
1 t 1
H

42,2 He,

Hi 412 Hi iz Heg2 H.,
> ConvGRU Cell

Heji11 Heji21 Hey

| LS el Hey

Heji11
ConvGRU Cell|=————"|ConvGRU CeII) """"

Xij41 Xi iz X

(a) Encoder

Ht,3 Hipa3 Heiz3 Heik-13
=—————>| ConvGRU Cell ConvGRU Cell ConvGRU Cell

Heir3

Hejy12

L1}

V |

42,3

e [ oecon | [ oecom |
H;, Hii1o Hiyzp Heig-12
—— ——p ConvGRU Cell|

t+K,3

—z—

=

Hip11 Hiip He i1

: : :
t+1,2 t+2,2 t+K,2
¥ ) i
=
Hes ConvGRU Cell e ConvGRU Cell e LS ConvGRU Cell
O ;L
)

1
!
[ Deconv + Crop ] [ Deconv + Crop ] Deconv + Crop
L} ' I
Yt+ 1 Yt+ 2 Yt+ K

(b) Decoder

Figure 2.2: Three-layer ConvGRU network, where the initial hidden states
of the decoder are copied from the last hidden states of the encoder. (a)
Encoder architecture utilizing ConvGRU cells and 2D convolutional layers.
(b) Decoder architecture constructed with ConvGRU cells and 2D
deconvolutional layer.

two main parts: the multi-layer encoder and the multi-layer decoder.

The encoder, depicted in Figure 2.2a, utilizes ConvGRU cells and 2D con-
volutional layers. Each layer’s hidden states are initialized as an all 0-tensor
and updated using inputs and previous hidden states, following (2.2). The
first layer takes SST maps of the Pacific region as inputs, while subsequent
layers receive output hidden states from the previous layer. Convolutional

layers are applied before each ConvGRU cell to adjust the number of the in-
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put channels and the size of the input spatial dimensions, enhancing feature
extraction.

The decoder, depicted in Figure 2.2b, consists of ConvGRU cells and 2D
deconvolutional layers. A crucial step that connects the encoder and the
decoder is that hidden states of each layer in the decoder are copied from the
last output hidden states of the corresponding layer in the encoder. The de-
coder architecture is similar to the encoder, but the flow direction of hidden
states among layers is reversed. This enables the adoption of the 2D deconvo-
lutional layer, which is the reverse operation of 2D convolutional layer. They
ensure that inputs and network parameters in each decoder layer’s ConvGRU
cells are consistent with those in the encoder, so that the last output hidden
states from the encoder can be utilized by the decoder. For outputs of the
first layer of the decoder, the grid is cropped to the ENSO region.

The encoder-decoder Seq2Seq structure of the ConvGRU network can be
interpreted as follows: the encoder compresses the input SST maps of the
Pacific region into hidden states across all layers, while the decoder unfolds
hidden states from the encoder to generate predictions for the ENSO re-
gion. Consequently, the ConvGRU network approximates the problem stated
in (2.1) as:

Yt+1:t+K = argmax [P <Yt+1:t+K ‘ Xt—J—i—l:t)

Y)‘f+1:t+K

~ arg max P’ <Y£+1:t+K ’ fenc <Xt—J+1:t WENC)) (2.3)

Yit14+K

A gDEC (fENC (thJ+1:t WENC) ‘ WDEC) ;

where fenc(-|[Wene) and gpec(-|Whpre) represent the encoder and decoder,

respectively, with network parameters Wgne and Wpgc.

2.2.3 Training Process

Given a training dataset consisting of SST maps, denoted as {(X;, ¥;)}",,
of the Pacific and ENSO regions, respectively, network parameters Wy e
and Wpype of the encoder and the decoder can be learned by minimizing

the difference between the predicted sequence Y;H;H k and the ground truth
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(a) Training (b) Testing

Figure 2.3: Data setup for training and testing. The green vertical lines
divide the entire dataset into the training data and the testing data. The
performance metric is evaluated to the right of the green line, and no data
in this part is used in training. (a) Data setup during the training process.
The red lines depict the training windows of {(X,, Y;)}~,, where the left
part represents the condition range (t — J + 1 to ¢ for some t), and the right
part represents the prediction range (¢ + 1 to t + K). Note that all training
windows are to the left of the green line. (b) During the testing process, the
prediction range is strictly to the right of the green line.

sequence Y;.1.44 . The optimization process can be described as follows:

* *
WENCa WDEC
T-K

= argmin » L (fft—&-lzt-i-l(;gDEC (fENC (Xt—J—i-l:t

Wenc,Wpee ;—,

Winc) | Worc) )

T-K

= arg min E L (ift-‘rl:t—i-K) K—i—l:t—&-K) )
Wene,Wpee

(2.4)
where the loss function £ is the MSE loss. The optimization problem in (2.4)
can be solved using stochastic gradient descent algorithms, such as Adam [184]
and Adagrad [185].
During the training process, multiple training windows (instances) of length
J + K are generated from the training dataset, each with different start
points. The condition (J) and prediction (K) ranges remain fixed for all
training windows. For instance, if the training dataset spans from month
1 to month 10000, training windows can be created with ¢ in (2.4) rang-
ing from J to 10000 — K. Figure 2.3a illustrates the generation of training
windows. Once the ConvGRU network is trained, it can be evaluated on a

testing dataset {(Xt, f’t) ;‘F:JFTFH, as depicted in Figure 2.3b.
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Figure 2.4: Performance on the ENSO region spatio-temporal sequence
prediction task. (a): Sample ground truth of the ENSO region starting
from February 1120. (b): Sample prediction of the ENSO region starting
from February 1120. (c): Sample difference between the ground truth and
prediction of the ENSO region start from February 1120. (d): RMSE per
grid cell and PC as a function of lead time computed in the testing period.

2.3  Results and Discussion

2.3.1 Experimental Setup

Experiment results and discussions of the ConvGRU network on various
global climate simulation and reanalysis datasets are presented. The datasets
used consist of two SST simulation datasets and one air temperature reanal-
ysis dataset. The performance of the ConvGRU network is evaluated on the
ENSO region spatio-temporal sequence prediction task for the SST datasets.

Additionally, the performance is compared with several existing models on
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a downstream task of predicting the Nino 3.4 index, which is calculated
based on the aforementioned ENSO region spatio-temporal sequence predic-
tion task. The ConvGRU network is also evaluated on the spatio-temporal
sequence prediction task for the air temperature dataset, which covers almost
2/3 of the global surface.

For numerical experiments, the ConvGRU network is implemented using
PyTorch [186]. The experiments are conducted on a Linux server equipped
with a single GPU, either NVIDIA GeForce GTX 1080Ti or NVIDIA RTX
A6000!.

2.3.2 The CCSM4 Simulation Dataset

The CCSM4 dataset is a modeled SST dataset derived from a 1300-year,
pre-industrial control integration of the community climate system model
version 4 (CCSM4) [187]. The dataset is sampled and averaged monthly
on the model’s native ocean grid with a normal resolution of approximately
1°x0.5° (longitude-latitude). The SST maps of the Pacific and ENSO regions
are extracted from specific longitude-latitude boxes. The Pacific region covers
16°E-56°W and 69°S-32°N (256 x 256 grid), while the ENSO region covers
170°-120°W and 5°S-5°N (45 x 38 grid). To reduce computational complexity
and GPU memory usage, the SST maps of the Pacific and ENSO regions
are down-sampled to 64 x 64 and 12 x 10 grids, respectively. The CCSM4
dataset is split into disjoint training and testing data periods, with year
1-1099 allocated for training and year 1100-1300 for testing.

For experiments on the CCSM4 dataset, a 3-layer ConvGRU network is
implemented. The condition range (J) and the prediction range (K) are set
to 48 and 24 months, respectively.

Figure 2.4 illustrates the performance of the ConvGRU network on the
ENSO region spatio-temporal sequence prediction task. Figures 2.4a, 2.4b,
and 2.4c include a sample comparison, starting from February 1120, between
the ground truth and the network’s prediction for the ENSO region. The
patterns in both the ground truth and the prediction exhibit high similar-
ity. Figure 2.4d presents the prediction skill assessed using RMSE and PC

metrics over the entire testing period as a function of lead time. The RMSE

IThe codes and detailed information about the datasets can be found at the following
public GitHub repository: https://github.com/LingdaWang/ConvGRU_ENSO_Forecast.
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Figure 2.5: Performance of the ConvGRU network against other models on
predicting the Nino 3.4 index in the CCSM4 dataset during 1100-1300. (a)
PC, (¢) RMSE, and (e) wMAPE, respectively, as a function of lead time,
compared to KAF, LIM, and CNNs. (b) PC, (d) RMSE, and (f) wMAPE,
respectively, as a function of lead time, compared to Seq2Seq with GRU
and LR.

values are averaged over all possible start points in the testing data split and
grid cells of the ENSO region. For PC, ground truths and predictions are

vectorized and concatenated over all possible start points in the testing data
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split. The RMSE and PC results demonstrate the high correlation and low
error characteristics of predictions generated by the ConvGRU network.

Next, the performance of the ConvGRU network is compared with exist-
ing models for predicting the Nifio 3.4 index in the CCSM4 dataset. Here
Nino 3.4 indices mean SST anomalies relative to monthly climatology (aver-
age SST) of the ENSO region. The models selected for comparison include
KAF [28, 33, 34], LIM [28, 29, 30], CNN [35], Seq2Seq with GRU [172, 183],
and LR. KAF, LIM, and CNN utilize SST maps of the Pacific region as in-
put (predictor) variables, while Seq2Seq with GRU and LR use mean SSTs
of the ENSO region. The CNN model implementation is based on the Nature
paper [35], where three convolution layers and two max pooling layers are
included. For inputs of CNN models, CNN and CNN-ANOM utilize the orig-
inal SST maps and SST anomaly maps respectively, since the paper suggests
SST anomaly maps. Seq2Seq with GRU is implemented using the DeepAR
model [43] from the GluonTS package [47], with a 1-layer GRU network with
a 20-dimensional hidden state, and the condition and prediction ranges (J
and K) the same as the ConvGRU network. For LR, K = 24 separate mod-
els are trained for lead months 1-24, using J = 48 months lagged mean SST's
of the ENSO region (including the current month) as input features.

Figure 2.5 illustrates the performance of the ConvGRU network compared
against other models in predicting the Nino 3.4 index in the CCSM4 dataset
over the testing period of 1100-1300, with the training period from 1 to
1099. A threshold of PC = 0.6 is commonly used to differentiate useful from
non-useful predictions [28]. The comparison demonstrates that although the
performance of the ConvGRU network deteriorates with longer lead times, it
consistently outperforms the competing models in terms of PC, RMSE, and
wMAPE, particularly in the long-term prediction range. When considering
the useful prediction range using the PC threshold of 0.6, the ConvGRU
network achieves the longest useful range of 18-19 months, surpassing KAF,
CNN, LIM, CNN-ANOM, Seq2Seq with GRU, and LR by 3-4, 5, 6-7, 7-8,
10-11, and 10-11 months, respectively.
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Figure 2.6: Performance averaged over 30 ensembles of the ConvGRU
network against other models on predicting the Nino 3.4 index in the
NOAA-GDFL-SPEAR dataset during 2051-2100. (a) PC, (b) RMSE, and
(c) wMAPE;, respectively, as a function of lead time, compared to LIM,
CNN, Seq2Seq with GRU, and LR.

2.3.3 The NOAA-GDFL-SPEAR Simulation Dataset

The NOAA-GDFL-SPEAR dataset used in the numerical experiment is a
simulated monthly averaged SST dataset with a nominal resolution of 1° x 1°
(longitude-latitude) from the GFDL SPEAR large ensembles. This includes
30-member ensembles of climate change simulations covering the period 1921-
2100 using the SPEAR-MED climate model [188]. The simulations are forced
with historical radiative forcings from 1921 to 2014 and SSP5-8.5 projected
radiative forcings [189, 190] from 2015 to 2100. The SST maps of the Pacific
and ENSO region are extracted from the longitude-latitude boxes 150°E-
82°W, 69°S-59°N (128 x 128 grid), and 170°-120°W, 5°S-5°N (50 x 10 grid),
respectively. Similar to the previous comparison, the SST maps in both

regions are down-sampled to 64 x 64 and 25 x 5 grids, reducing computational
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Figure 2.7: Performance on the air temperature spatio-temporal sequence
prediction task. (a) Sample ground truth starting from January 1987. (b)
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as a function of lead time computed in the testing period. (e) RMSE per
grid cell as a function of lead time computed in the testing period.

complexity and GPU memory usage.
The NOAA-GDFL-SPEAR dataset in each ensemble is divided into dis-
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joint training and testing data splits, with the training period covering years
1921-2050 and the testing period covering years 2051-2100. For experiments
on this dataset, a 3-layer ConvGRU network is implemented. The ConvGRU
network is trained using data from all 30 ensembles that end on or before
the year 2050 and then tested on data from all 30 ensembles starting from
the year 2051. The condition range (/) and the prediction range (K) are 48
and 24 months, respectively.

Similar to the previous comparison, the performance of the ConvGRU net-
work is compared to several existing models for predicting the Nino 3.4 index
in the NOAA-GDFL-SPEAR dataset. The selected models for comparison
include LIM, CNN, Seq2Seq with GRU, and LR. For LIM and LR, separate
models are trained for each ensemble in the dataset, since the NOAA-GDFL-
SPEAR dataset contains data from 30 ensembles, and the metrics computed
in the testing period are averaged over all ensembles. The CNN model follows
the same setting as that for the CCSM4 dataset. Seq2Seq with GRU utilizes
the DeepAR model to handle multiple time series with a single model, and
the detailed and fine-tuned settings remain the same in the CCSM4 dataset.

Figure 2.6 presents the performance averaged over 30 ensembles of the
ConvGRU network compared against other models in predicting the Nino
3.4 index in the NOAA-GDFL-SPEAR dataset over the testing period of
2051-2100, using the training period of 1921-2051. The results of the experi-
ments demonstrate that the ConvGRU network significantly outperforms the
competing models in terms of PC, RMSE, and wMAPE, with the longest use-
ful range of 12 months, surpassing CNN, LIM, Seq2Seq with GRU, and LR
by 1, 4-5, 4, and 7 months, respectively.

2.3.4 The NOAA-CIRES Air Temperature Reanalysis Dataset

The NOAA-CIRES air temperature dataset used in this experiment is a
monthly ensemble mean air temperature dataset at the 2m level with a nom-
inal resolution of approximately 2° x 2° (longitude-latitude). It is from the
NOAA-CIRES 20th-century reanalysis version 2c [191, 192], which provides
a comprehensive global atmospheric circulation dataset spanning the years
1850-2014. For the NOAA-CIRES air temperature dataset, we aim to demon-
strate that the ConvGRU network is capable of accurately predicting other

32



climate and atmospheric spatio-temporal sequence beyond the ENSO re-
gion. For this experiment, the target region is the longitude-latitude box
120°E — 1°W, 60°N — 60°S (128 x 64 grid), covering almost two-thirds of the
total global surface.

The NOAA-CIRES air temperature dataset is divided into disjoint training
and testing periods, with the training period covering the years 1851-1980 and
testing period covering 1981-2014. In this experiment, a 3-layer ConvGRU
network is implemented. The condition range (J) and the prediction range
(K) are set to 24 and 12 months, respectively.

Figure 2.7 illustrates the performance of the ConvGRU network on the air
temperature spatio-temporal sequence prediction task. Figures 2.7a, 2.7b,
and 2.7c presents a sample comparison starting from January 1987 between
the ground truth and the prediction, revealing a very similar pattern in
both the ground truth and the prediction. Figures 2.7d and 2.7e present
the prediction skill assessed using RMSE and PC, similar to Fig. 2.4, over
the entire testing data split and as a function of lead time. The PC result
demonstrates a significantly high correlation of over 99% between the ground
truth and the prediction within a prediction range of 12 months. The RMSE
ranges from approximately 1.1 °C to 1.2 °C.
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CHAPTER 3

ROBUST NONPARAMETRIC
DISTRIBUTION FORECAST WITH
BACKTEST-BASED BOOTSTRAP AND
ADAPTIVE RESIDUAL SELECTION

3.1 Methodology

The proposed DF framework is composed of a backtester, a residual selec-
tor, and a PF model, as depicted in Figure 3.1. To summarize how it works:
During the training phase: 1. Backtest [45] is performed on the training data
with the PF model to build a collection of predictive residuals (Figure 3.2);
for covariates that need to be estimated for future time points (e.g., future
price of a product), their values can be sampled from estimated distributions
during backtest to account for the uncertainty in covariates. 2. The residual
selector is pre-specified or learned from the training data as a set of rules or
a separate machine learning model that selects the most relevant subset of
predictive residuals given a future data point based on their meta informa-
tion. 3. Lastly, the PF model is trained on the entire training data. During
the forecasting phase: 1. For each future data point of interest, the trained
PF model generates the PF. 2. The residual selector selects a subset of resid-
uals. 3. Lastly, random samples of residuals are drawn from the subset and
applied to the PF to obtain multiple bootstrap forecasts that provide the
empirical distribution, and sample quantiles of the bootstrap forecasts pro-
vide the quantile forecasts for arbitrary target quantiles. Essentially, we use
the empirical distribution of the selected predictive residuals from backtest
to estimate the distribution of the future predictive residuals and thus the

distribution of the future response variable.

3.1.1 DBacktesting

Let D = {(X!, Y} =8t lhod he the training data, where X! is the ma-

1) T 1 1=1,2,...n

trix of covariates at time ¢, Y} is the response variable at time ¢, s; is the
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Figure 3.1: Overview of the proposed DF framework. The backtester
generates a collection of predictive residuals; the residual selector selects a
subset of residuals for each future data point; the bootstrapping step
combines the PF and selected residuals to generate the DF.

first time point, and d; is the last time point for time series i. For a non-

parametric distribution forecast, it suffices to estimate the conditional quan-

Y.

7

tiles dei+ki
i

where k; is the number of time points into the future. Backtest is essen-

sy eovds (kg (7) for arbitrary target quantile 7 € (0, 1),

tially a move-forward cross-validation that preserves the order in time for
time series data, where the test split is always further in time than the train-
ing split. Let the backtest start time and step size be a and [ respectively.
For each split point j = a,a + [,a + 2I, ..., max;(d;) — 1, the training data
are divided into a training split A; = {(X£,Y) € D|t < j} and a test split
B; = {(X!,Y}!) € D|t > j}; the PF model f; is trained on A;, and predictive
residuals are computed as {Y;! — f;(¥;7, X5 XUV (X! vit) € B;}. This
process generates a collection of predictive residuals £ = {5§7j }ijt. For those
covariates that are not available in the future and need to be estimated, we
can use their historic estimates, sample from their estimated distributions,
or add simulated noise to create if to replace X! during backtest to account

for uncertainty in covariates.

3.1.2  Selecting Residuals

Common PF models typically assume that residuals are i.i.d. and indepen-
dent from the covariates and the PF itself [42]. However, such assumptions
do not always hold in practice for the predictive residuals. For example,
the variance of residuals can increase as we forecast further into the future
or as the magnitude of PF increases. To relax the commonly imposed in-

dependence assumption between residuals and covariates (or more generally
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Figure 3.2: Illustration of building a collection of predictive residuals with
backtest. The training split is used to train the PF model, and the test
split is used to compute the predictive residuals.

any meta information which can include the PF or other variables not in
the original covariates), an adaptive residual selector can be learned from
the training data to select a subset of residuals based on the meta infor-
mation of the predictive residuals from backtest and the future data point,
(&, M, MMwe) "5 that the selected residuals are conditionally i.i.d.. The
residual selector should ideally be based on the meta information that has
a non-negligible impact on the predictive residuals. We mention two op-
tions for learning the residual selector here: 1. Compute distance correlation
(which can detect both linear and non-linear dependence) [193] between the
predictive residuals from backtest and their corresponding meta information
to identify variables with the highest distance correlation to the residuals.
Then design rules (e.g., set simple thresholds) around these variables to select
residuals that have a different distribution from the distribution of the entire
collection of residuals, which can be verified by the Kolmogorov-Smirnov test
[194]. Note that if the residual selector has no impact, the selected residuals
should have the same distribution as the entire collection. 2. Fit a machine
learning model, such as a regression decision tree, to predict residuals from
their meta information, then apply the model to the meta information of
future data points to select the corresponding residuals. The performance
of this model can also be used to check dependence between meta informa-
tion and residuals — if the residuals are already independent from the meta

information pre-selection, then the model should perform poorly.
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3.1.3 Bootstrapping

We describe two formulae of generating bootstrap forecasts, backtest-additive
(BA) and backtest-multiplicative (BM). They can be applied to either itera-
tive or direct PF models (an iterative model recursively consumes the forecast
from the previous time point to forecast for the next, whereas a direct model
generates forecast for a future time point directly from covariates [195]). For
BA, to generate bootstrap forecasts for the next time point d; + 1, after
obtaining the PF }A/Z-diﬂ = f(i/;si:di, Xsidi X%+ and the selected predictive
residuals from backtest G = g(& ,M,./\/lf"“), random samples are drawn
from the selected residuals ¢, € G for b = 1,2,..., B, then the bootstrap
forecasts are given by }/}fgﬁgéd. = }A/Z-diﬂ + €. Quantile forecasts are obtained
by taking sample quantiles of the bootstrap forecasts. Generalizing to arbi-
trary future time point d; + k;, for an iterative PF model, bootstrap forecasts
are recursively generated for the next time point until d; + k;; for a direct
PF model, the calculation remains the same as 1-step forecast with d; + 1
replaced by d; + k;. Note that for a direct PF model, quantile forecasts can
be obtained by skipping the residual sampling step and adding the sample
quantiles of the selected residuals to the PF. The formula for BA is simi-
lar to the existing approach to bootstrapping predictive residuals [196, 197]
(while the backtest and residual selection steps are novel in BA). The per-
formance of BA can degrade if the variance of residuals increases with the
magnitude of the PF or if the magnitude of the future PF is very different
from the magnitude of the response variable seen during backtest. Hence we
also propose BM which scales the residuals based on the PF: After obtaining
the PF and the selected residuals in the same way as BA, the error ratios
are computed by dividing the extracted residuals over their corresponding
forecast (or response variable) during backtest, R = {<.;/%; ;| €}, ; € G}; then
the bootstrap forecasts for the next time point are given by sampling r, € R

and Yz‘(,jﬂxllulti. = Y%+ (1 +7;). The rest remains the same.

3.1.4 Practical Considerations

Both the backtest step and the residual selection step can be efficiently par-
allelized across multiple CPU’s/GPU’s. The backtest step requires multiple

model training, but it is more efficient than the previous delete-x' approach
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of bootstrapping predictive residuals [196, 197] and can be done offline at
a lower frequency than updating the PF model. The only computational
overhead during inference time is the (optional) residual selection given the
PF, so the additional latency of obtaining DF is negligible. Furthermore,
once a residual collection from backtest is built, quantile forecast for any tar-
get quantile can be generated without re-running backtest or retraining the
PF model, whereas DF methods that explicitly minimize quantile loss typi-
cally require the target quantile to be specified before model training. The
backtest-based methods are also relatively interpretable: They retain the in-
terpretability of the underlying PF model if the PF model is interpretable;
even with a less interpretable PF model, one can check the predictive residual
distribution and model performance on the test split (and model coefficients
if applicable) during the backtest step to help identify which data points or
covariates tend to contribute to large predictive residuals and whether the
model has systematic bias during out-of-sample forecasting. The choices of
bootstrap formulae (BA vs BM), denominator of error ratios (backtest fore-
cast vs observed response variable), residual selector variation, and PF model

can be tuned as hyperparameters.

3.2  Experiments

Table 3.1: ACE comparison of different bootstrap DF approaches
integrated with different PF models.

Bootstrap\PF Ridge SVR RF NN

FR 0.102(—0%)  0.195(—0%) 0.207(—0%)  0.176(—0%)
FM 0.095(—7%) 0.218(+12%) 0.171(—17%) 0.125(—29%)
BA 0.069(—32%) 0.065(—67%) 0.055(—73%) 0.077(—56%)
BM 0.038(—63%) 0.061(—69%) 0.027(—87%) 0.048(—73%)

We conduct experiments on two real-world time-series datasets: an in-
house product sales dataset and the M4-hourly competition dataset [46, 47].
The product sales dataset consists of daily sales of 76 products between
01/01/2017 and 01/10/2021 and 147 covariates capturing information on
pricing, supply constraints, trend, seasonality, special events, and product

attributes. The standard ACE is used to evaluate the DF performance:
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The coverage (CO) of quantile forecast ’ET) for target quantile 7 over the

test set Dyes is defined as CO(Diest; T) mzpm H{y? < }?iiT)}; and
ACE is defined as ACE(Diest; 7) = |CO(Dyest; 7) — 7| A 100-fold backtest is

used for evaluation, which is separate from the backtest used for computing

~

~

predictive residuals — in each training-test split for evaluation, the latter
half of the training split is used to perform a separate backtest to build the
predictive residual collection without using information from the test split
for a fair evaluation. The reported ACE is averaged across all training-test
splits, 24-week forecast horizon for product sales and 48-hour horizon for M4-
hourly, and the following range of target quantiles: 7 =0.1,0.2,...,0.9. For
experiments with deep learning models, the reported ACE is also averaged

across 10 trials due to the fluctuation in model performance.

Table 3.2: ACE comparison of backtest-based bootstrap integrated with the
median forecast vs the default DF.

DF\Model ~ QLasso QGB |DeepAR DFact MQCNN DSSM TFT
Default 0.188 0.119| 0.102 0.098 0.092 0.136 0.067
Median + BA 0.114 0.078| 0.100 0.067 0.078 0.124 0.058
Median + BM 0.039 0.036| 0.104 0.070 0.071 0.112 0.060

Compared to other DF approaches, bootstrap approaches have the advan-
tage of extending any PF model to produce DF, which makes them easy
to adopt and able to potentially retain desired properties of the PF model.
Thus, the first experiment focuses on comparing the proposed BA and BM
against classic bootstrap approaches for DF: bootstrap with fitted residuals
(FR) [42] and bootstrap with fitted models (FM) [198, 197]. This exper-
iment is performed on the product sales dataset, as it contains covariates
which can accommodate the use of standard Machine Learning models as
direct PF models. A variety of PF models are used to assess the bootstrap
approaches’ robustness to the choice of PF model, including ridge regression
[199], support vector regression (SVR) [199], random forest (RF) [199], and
neural networks (NNs) [199]. The proposed bootstrap approaches outperform
the classic approaches for all PF models (Table 3.1).

The second experiment compares against other SOTA DF approaches,
including quantile lasso (QLasso) [199], quantile gradient boosting (QGB)
[199], DeepAR [43, 47], Deep Factors (DFact) [200, 47], MQ-CNN [201, 47],
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Table 3.3: ACE comparison of backtest-based bootstrap integrated with the
median forecast vs the default DF from DeepAR under different
pre-specified output distributions.

DF\Output Dist. Neg. Bin. Student’s t Normal Gamma Laplace Poisson
Default 0.102 0.192 0.162 0.138 0.114 0.134
Median + BA 0.100 0.169 0.116 0.157 0.094 0.128
Median + BM 0.104 0.165 0.111 0.156 0.088 0.125

deep state space models (DSSM) [44, 47], and temporal fusion transformers
(TFT) [202, 47]. Because the bootstrap approaches require an underlying
PF model, for a fair comparison we use the median forecast from each of
the aforementioned benchmarks as the PF models to be integrated with the
backtest-based bootstrap, so they share the same model architecture and hy-
perparameters. The comparison against QGB and QLasso is performed on
the product sales data and the comparison against the deep learning models
is performed on the M4-hourly data. The proposed bootstrap approaches
integrated with the median forecast outperform the default DF from the
benchmarks (Table 3.2).

The third experiment assesses the robustness of the proposed approaches
to model assumptions/hyperparameters. DeepAR requires the output dis-
tribution to be specified prior to the model learning its parameters. In this
experiment, the backtest-based bootstrap approaches integrated with the
median forecast are compared against the default DF from DeepAR under
a variety of output distribution assumptions on the M4-hourly data. The
proposed approaches outperform the default DF in 5 out of 6 distribution
settings (Table 3.3).

The median or mean forecast from the bootstrap approaches can be viewed
as the updated PF through bootstrap aggregating (Bagging). As an ensemble
output, the Bagging PF can be potentially more accurate than the original
PF. The fourth experiment evaluates the relative change in mean absolute
percentage error (MAPE) of the Bagging PF compared to the original PF
on the product sales data. The Bagging PF from the proposed approaches
achieves the greatest reduction in MAPE (Table 3.4) for all PF models; i.e.,
in addition to providing DF, the proposed approaches can also provide more
accurate PF. One explanation is that if a PF model has systematic bias

during backtest, its predictive residual distribution will reflect such bias, so
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by design the median forecast will correct for the bias from backtest when
bootstrapping DF (Section 3.1.3).

Table 3.4: Relative change in MAPE for Bagging PF compared to the
original PF.

Bootstrap\PF Model Ridge SVR RF NN

FR +0.8% +6.5% +0.2% +0.7%
FM +04% +6.6% —-3.8% +2.6%
BA —-12.3% —21.0% —10.0% +1.5%
BM —22.1% —31.8% —5.3% —13.4%
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CHAPTER 4

NEARLY OPTIMAL ALGORITHMS FOR
PIECEWISE-STATIONARY CASCADING
BANDITS

4.1 Problem Formulation

4.1.1 Cascade Model and Cascading Bandits

CB [6], as a learning variant of CM, depicts the interaction between an agent
and a user over a length-T" time horizon, in which the user’s preference is
learned. CM [51] explains the user’s behavior in a specific time slot ¢.

In CM, a user is presented with a K-item ranked list A; := (a14,...,ax+)
€ g (L) from L at time slot ¢, where £ := {1,2,..., L} is a ground set
containing L items (e.g., web pages or advertisements), and IIx (£) is the
set of all K-permutations of the ground set £. CM can be parameterized
by an attraction probability vector w, = [wy(1),...,wy(L)]" € [0,1]%. The
user browses the list A; from the first item a; in order, and each item ay
attracts the user to click it with probability w;(ax). The user will stop the
process after clicking the first attractive item. In particular, when an item
ap is clicked, it means that i) items from a;; to ax_1; are not attractive
to the user, and ii) items ay11; to ax; are not browsed so whether they are
attractive to the user is unknown. Clearly, if no item is attractive, the user
will browse the whole list and click on nothing.

Building upon CM, a CB can be described by a tuple (£, T, { fot}recter
K), where T := {1,2,...,T} collects all T time slots. Whether the user is
attracted by item ¢ at time slot ¢ is actually a Bernoulli random variable Z,,
whose probability mass function (PMF) is fy;. As convention, Z,; = 1 indi-
cates item / is attractive to the user. We also denote Z; := {Zg’t}za as all
the attraction variables of the ground set. Clearly, { fi+}recteT are parame-
terized by the attraction probability vectors {w;}ic7, which are unknown to

the agent. Since CB is designed for stationary environments, the attraction
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probability vector w; is time-invariant, and thus can be further simplified as

w. CB poses a mild assumption on { fy;}ser te7 for simplicity.

Assumption 4.1. The attraction distributions { foi}iecteT are independent

both across items and time slots.

Per slot t, the agent recommends a list of K items A; to the user based on
the feedback from the user up to time slot ¢ — 1. The feedback at time slot
t refers to the index of the clicked item, given by

0, if no click,
argmin, {1 <k < K: Zagot = 1}, otherwise.

Ft:

After the user browses the list and follows the protocol described by CM, the
agent observes the feedback F;. Along with F; is a zero-one reward indicating

whether there is a click

r(AnZ) =1-] (1= Zau.0) (4.1)

k=1

where 7 (Ay, Z;) = 0 if F; = (). Then, this process proceeds to time slot
t + 1. The goal of the agent is to maximize the expected cumulative reward
over the whole time horizon 7. Noticing that Z,;s are independent, the
expected reward at time slot ¢ can be computed as E [r (A, Z¢)] = r (Ay, w).
The optimal list A* remains the same for all time slots, which is the list

containing the K most attractive items.

4.1.2 Piecewise-Stationary Cascading Bandits

The stationarity assumption on CB limits its applicability for real world
applications, as users tend to change their preferences as time goes on [53].
This fact leads to piecewise-stationary CB. Consider a piecewise-stationary
CB with N segments, where the attraction probabilities of items remain

identical per segment. Mathematically, N can be written as

T-1

N=1+> T30 € Lst. fro# frm}, (4.2)
t=1
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where I{-} is the indicator function, and a change-point is the time slot ¢ that
satisfies 3¢ € L s.t. fi; # fri+1. Hence it is clear that there are N —1 change-
points in the piecewise-stationary CB considered. These change-points are
denoted by vq,...,vy_1 in a chronological manner. Specifically, vy = 0 and
vy =T are introduced for consistency. For the ith piecewise-stationary seg-
ment ¢t € [v;_1+1,14], fi and w'(£) denote the attraction distribution and the
expected attraction of item ¢, respectively, which are again unknown to the
agent. Attraction probability vector w® = [w(1),...,w*(L)]" is introduced
to collect w({)s.

In a piecewise-stationary CB, agent interactions are the same as CB. The
agent’s policy can be evaluated by its expected cumulative reward, or equiv-

alently its expected cumulative regret:

R(T) =E

T
ZR(At,Wt,Zt)] s (43)
t=1
where the expectation E[-] is taken with respect to a sequence of Z; and the
corresponding A;. Here, R(A;, wy, Zy) = r(Af, wy) — r(As, Zy) is the regret
at time slot ¢ with

Ay = arg max r (Ay, wy)
A€l (L)

being the optimal list that maximizes the expected reward at time slot t.
The regret defined in (4.3) is also known as switching regret, which is widely
adopted in piecewise-stationary bandit [203, 57, 61, 60, 62]. Since switching
regret is measured with respect to the optimal piecewise-stationary policy, the
optimal list A} for each time slot is no longer time-invariant. This leads to a
much harder algorithm design problem since the non-stationary environment

should be properly coped with.

4.2 Algorithms

This section presents adaptive approaches for piecewise-stationary CB using

an efficient change-point detector.
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Algorithm 4.1: GLRT Change-Point Detector:
GLRT(Xq, ..., X,;0)

Require: observations Xy, ..., X, and confidence level §

1: Compute the GLR statistic GLR(n) according to (4.4) and the threshold 5(n,d)
according to (4.5)
if GLR(n) > B(n,d) then

Return True
else

Return False
end if

4.2.1 Generalized Likelihood Ratio Test

As the adaptive approach is adopted, a brief introduction about change-
point detection is given in this section. Sequential change-point detection is of
fundamental importance in statistical sequential analysis, see e.g., [204, 205,
206, 207, 208, 209]. However, the aforementioned approaches typically rely
on the knowledge of either pre-change or post-change distribution, rendering
barriers for the applicability in piecewise-stationary CB.

In general, with pre-change and post-change distributions unknown, devel-
oping algorithms with provable guarantees is challenging. Our solution relies
on the GLRT that is summarized under Algorithm 4.1. Compared with ex-
isting change-point detection methods that have provable guarantees [61, 60,
advantages of GLRT are threefold: i) Fewer tunable parameters. The only re-
quired parameter for GLRT is the confidence level of change-point detection
d, while CUSUM [61] and CMSW [60] have three and two parameters to be
manually tuned, respectively. ii) Less prior knowledge needed. GLRT does
not require the information on the smallest magnitude among the change-
points, which is essential for CUSUM. iii) Better performance. The GLRT
is more efficient than CUSUM and CMSW in the averaged detection time.
As shown in the numerical experiments in Example 4.1, GLRT has approxi-
mately 20% and 50% improvement over CUSUM and CMSW, respectively.

Next, the GLRT is formally introduced. Suppose we have a sequence of
Bernoulli random variables {X;}{~; and aim to determine if a change-point

exists as fast as we can. This problem can be formulated as a parametric
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sequential test of the following two hypotheses:

Ho : Fpo = X, ..., X, S Bern(u),
7_[1 : EIMO 7£ M1, T € [17n - 1] : Xla R 7XT i}i\.'d Bern(/'b())
and X, 1,...,X, ESy Bern (),

where Bern(u) is the Bernoulli distribution with mean p. The GLR statistic

18

GLR(n) = sup [s X KL (fi1.s, fl1.n) + (n — 8) X KL (fisg1:m, fi1n)],  (4.4)

s€[l,n—1]

where fi5.¢ is the empirical mean of observations from X to Xy, and KL(z, y)
is Kullback—Leibler (KL) divergence of two Bernoulli distributions,

KL(z,y) = « log (g) +(1—2)log (1 _x> .

1—y

By comparing GLR(n) in (4.4) with the threshold (¢, d), one can decide
whether a change-point appears for a length n sequence, where
log(3tv/t/0
B(t,) = 26 <°g(T‘m) +6log(1 + logt), (4.5)
and G(-) has the same definition as that in [210, (13)]. The choice of § is
influences the sensitivity of the GLRT. For example, a larger 6 makes the
GLRT response faster to a change-point, but increases the probability of
false alarm.
The efficiency of a change-point detector for a length n sequence is evalu-

ated via its detection time,
7 =1inf{t <n:GLR(t) > 5(t,0)}.

To better understand the performance of GLRT against CUSUM and

CMSW, it is instructive to use an example.

Example 4.1 (Efficiency of GLRT). Consider a sequence of Bernoulli ran-
dom variables {X;}}—, with n = 4000, where Xi,--- , Xaooo are generated

from Bern(0.2) and the remaining ones are generated from Bern(0.8), as
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Figure 4.1: Expectations of X;’s with n = 4000 and expected detection
time of GLRT, CUSUM, and CMSW.

shown in Figure 4.1 (red line). By setting 6 = 1/n for GLRT and choosing
parameters of CUSUM and CMSW as recommended in [61] and [60], the
average detection times after 100 Monte Carlo trials are 2024.55 + 6.8451
(GLRT, green line), 2030.25 +6.74 (CUSUM, blue line), and 2045.59 + 4.48
(CMSW, black line), respectively. In a nutshell, GLRT improves about 20%
over CUSUM and 50% over CMSW.

4.2.2 The GLRT Based CB Algorithms

Leveraging GLRT as the change-point detector, the proposed algorithms,
GLRT-CascadeUCB and GLRT-CascadeKL-UCB, are presented in Algorithm 4.2.

On a high level, three phases comprise the proposed algorithms.

e Phase 1: The forced uniform exploration to ensure that sufficient sam-
ples are gathered for all items to perform the GLRT detection (Algo-
rithm 4.1).

e Phase 2: The upper confidence bound (UCB) based exploration (UCB
or Kullback-Leibler UCB(KL-UCB)) to learn the optimal list on each

piecewise-stationary segment.

e Phase 3: The GLRT change-point detection (Algorithm 4.1) to monitor
if global restart should be triggered.
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Besides the time horizon 7, the ground set £, the number of items in
list K, the proposed algorithms only require two parameters p and ¢ as in-
puts. The probability p is used to control the portion of uniform exploration
in Phase 1, and it appears also in other bandit algorithms for piecewise-
stationary environments [60, 61]. While the confidence level § is the only
parameter required by GLRT. Hence, the proposed algorithms are more prac-
tical compared with existing algorithms [60, 61], since: i) no prior knowledge
on change-point-dependent parameter is needed; ii) fewer parameters are
required. The choices of § and p will be clear in Section 4.3.

In Algorithm 4.2, we denote the last detection time as 7. From slot 7
to current slot, let n; denote the number of observations for /th item, and
w({) its corresponding sample mean. The algorithm determines whether
to perform a uniform exploration or a UCB-based exploration depending on
whether line 4 of Algorithm 4.2 is satisfied, which ensures the fraction of time
slots performing the uniform exploration phase is about p. If the uniform
exploration is triggered, the first item in the recommended list A; will be
item a := (t — 7) mod L%J, and the remaining items in the list are chosen
uniformly at random (line 5), which ensures item a will be observed by the
user. If UCB-based exploration is adopted at time slot ¢, the algorithms will
choose K items (line 7) with K largest UCB indices,

Ay =arg max 7 (A, UCB or UCBky), (4.6)

A€l (L)
which will be defined in (4.7) and (4.8). By recommending the list A4; and
observing the user’s feedback F; (line 9), we update the statistics (line 11)
and perform the GLRT detection (line 12). If a change-point is detected, we
set ng =0 for all £ € £, and 7 =t (line 13). Finally, the UCB indices of each

item are computed as follows (line 18),

3log(t — 1)
27’Lg

UCBkp(¢) = max{q € [w({),1] : ny x KL(W({),q) < g(t —7)}, (4.8)

UCB(f) = w(l) + : (4.7)

where g(t) = logt + 3loglogt, and w({) = nie >t Xon. Notice that (4.7)
is the UCB indices of GLRT-CascadeUCB, and (4.8) is the UCB indices of
GLRT-CascadeKL-UCB. For the intuitions behind, we refer the readers to [211,
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Algorithm 4.2: The GLRT-CascadeUCB and GLRT-CascadeKL-UCB
Algorithms
Require: The time horizon T, the ground set £, K, exploration probability p > 0, and
confidence level § > 0

1: Initialization: 7 +— 0 and ny < 0, V£ € L
2: for allt=1,2,...,7 do

30 a+ (t—7) mod L%J
4: if a < L then
5: Choose A; such that a1 ; < a and aay, ..., ax+ are chosen uniformly at random
6: else
7 Compute the list A; follows (4.6)
8: end if
9: Recommend the list A; to user, and observe feedback F}
10: forallk=1,...,F; do
11: 0+ Qs Mg g+ 1, Xy, ]I{Ft = k},
and w(l) = -3 Xy
12: if GLRT(X¢1,...,X¢n,;0) = True then
13: ng <+ 0,V e L,and 7 <t
14: end if
15: end for
16: for/=1,---,L do
17: if ny # 0 then
18: Compute UCB(¢) according to (4.7) for GLRT-CascadeUCB or UCBky,(¢)
according to (4.8) for GLRT-CascadeKL-UCB
19: end if
20: end for
21: end for

Proof of Theorem 1] and [212, Proof of Theorem 2].

4.3 Theoretical Results

The theoretical guarantees of the proposed algorithms, GLRT-CascadeUCB
and GLRT-CascadeKL-UCB, will be derived in this section. Specifically, the
upper bounds on the regret of both proposed algorithms are developed in Sec-
tions 4.3.1 and 4.3.2. A minimax regret lower bound for piecewise-stationary
CB is established in Section 4.3.3. We further discuss our theoretical findings
in Section 4.3.4.

Without loss of generality, for the ¢th piecewise-stationary segment, the
ground set L is first sorted in decreasing order according to attraction prob-
abilities, that is w'(s;(1)) > w'(s;(2)) > -+ > wi(s;(L)), for all s;(¢) € L.
The optimal list at ith segment is thus all the permutations of the list
Af = {s;(1),...,8(K)}. The item ¢* is optimal if ¢* € {s;(1),...,s;(K)},
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otherwise an item ¢ is called suboptimal. To simplify the exposition, the
gap between the attraction probabilities of the suboptimal item ¢ and the

optimal item ¢* at ¢th segment is defined as:
é’g* = w' (") — w'(0).

Similarly, the largest amplitude change among items at change-point v; is
defined as

i i+1 i
Achaunge - %&EX |W (g) - W (£)| ) (49>
with Al e = maxees [W(£)]. We have the following assumption for the

theoretical analysis.

Assumption 4.2. Define d; = d; (p,d) = f AL T6)2 + 1 and assume v; —

Vi1 > 2max{d;,d; 1}, Vi=1,...,N —1, wzthC};]I;,vgc— Un_1 > 2dN_1.

Note that Assumption 4.2 is standard in a piecewise-stationary environ-
ment, and identical or similar assumptions are made in other change-detection
based bandit algorithms [61, 60, 62] as well. It requires the length of the
piecewise-stationary segment between two change-points to be large enough.
Assumption 4.2 guarantees that with high probability, all the change-points
are detected within the interval [v; + 1, v; 4+ d;], which is equivalent to saying
all change-points are detected correctly (low probability of false alarm) and
quickly (low detection delay). This result is formally stated in Lemma 4.3.
In our numerical experiments, the proposed algorithms work well even when

Assumption 4.2 does not hold (see Section 4.4).

4.3.1 Regret Upper Bound for GLRT-CascadeUCB

Upper bound on the regret of GLRT-CascadeUCB is as follows.

Theorem 4.1. Suppose that Assumptions 4.1 and 4.2 are satisfied, GLRT-Ca-

scadeUCB guarantees

whereC Ze K+1N—logT+ undy 33

i(€),8;(K)
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Theorem 4.1 indicates that the upper bound on the regret of GLRT-Cascad-
eUCB is incurred by two types of costs that are further decomposed into four
terms. Terms (a) and (b) upper bound the costs of UCB-based exploration
and uniform exploration, respectively. The costs incurred by the change-
point detection delay and the incorrect detection are bounded by terms (c)

and (d). Corollary 4.1 follows directly from Theorem 4.1.

Corollary 4.1. Let AR = minjcy_1 Ay, denote the smallest magni-

tude of any change-point on any item, and AJY = min<n AL i 1y) . x) e

the smallest magnitude of a suboptimal gap on any one of the stationary seg-
ments. The regret of GLRT-CascadeUCB is established by choosing § = % and

p= /Nle?gT:
N(L—K)logT +/NLTlogT

; 2
min
opt (Achange)

(4.10)

As a direct result of Theorem 4.1, the upper bound on the regret of
GLRT-CascadeUCB in Corollary 4.1 consists of two terms where the first term
is incurred by the UCB-based exploration and the second term is from the
change-point detection component. As T becomes larger, the regret is dom-
inated by the cost of the change-point detection component, implying the
regret is O(VNLTlogT /(amin )2).  Similar phenomena can also be found in
piecewise-stationary MAB [61, 60, 62].

The proof outline of Theorem 4.1 is as follows. We can decompose R(T)
into good events that GLRT-CascadeUCB reinitializes the algorithm quickly
and precisely after all change-points and bad events that either large detec-
tion delays or false alarms happen. We first upper bound the regret of the
stationary scenario and the detection delays of good events, respectively. It
can be shown that with high probability, all change-points can be detected
correctly and quickly, so that the regret incurred by bad events is rather
small. By summing up all regrets from good events and bad events, an

upper bound on the regret of GLRT-CascadeUCB is then developed.

o1



4.3.2 Regret Upper Bound for GLRT-CascadeKL-UCB

This section deals with the upper bound on the T-step regret of GLRT-Cas-
cadeKL-UCB.

Theorem 4.2. Suppose that Assumptions 4.1 and 4.2 are satisfied, GLRT-Ca-

scadeKL-UCB guarantees

N-1 N-1

R(T) <T(N—1)(L+1)5+ Tp + Y di+NKloglogT + Y D,
g s X -
(a) m  E_ o —

(c) (d)

where D; is a term depending on logT and the suboptimal gaps. Detailed

expression can be found in (4.12) in the Section 4.6.

Similarly, the upper bound on the regret of GLRT-CascadeKL-UCB in The-
orem 4.2 can be decomposed into four different terms where (a) is incurred
by the incorrect change-point detections, (b) is the cost of the uniform ex-
ploration, (c) is incurred by the change-point detection delay, and (d) is the
cost of the KL.-UCB based exploration.

Corollary 4.2. Choosing the same d and p as in Corollary 4.1, GLRT-Casca-
deKL-UCB has same order of regret upper bound as (4.10).

We sketch the proof for Theorem 4.2 as follows, and the detailed proofs
are presented in Section 4.6. By defining the events U and Hr as the algo-
rithm performing uniform exploration and the change-points can be detected
correctly and quickly, we can first bound the cost of uniform exploration U
and cost of incorrect and slow detection of change-points Hp. Then, we
can divide the regret R(7T) into different piecewise-stationary segments. By
bounding the cost of detection delays and the KL-UCB based exploration,
the upper bound on regret is thus established.

4.3.3 Minimax Regret Lower Bound

In this section, we derive a minimax regret lower bound for piecewise-stationary
CB which is tighter than Q(+/T') proved in [56]. The proof technique is sig-
nificantly different from [56].
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Theorem 4.3. If L > 3 and T > MN@, then for any policy, the worst-
case regret is at least Qv NLT'), where M = 1/10g %, and Q(-) notation hides
a constant factor that is independent of N, L, and T.

The high-level idea is constructing a randomized hard instance appropriate
for the piecewise-stationary CB setting in which per time slot there is only one
item with highest click probability, and the click probabilities of remaining
items are the same. When the distribution change occurs, the best item
changes uniformly at random. For this instance, in order to lower bound the
regret, it suffices to upper bound the expected numbers of appearances of
the optimal item in the list. We then apply a change of measure technique to
upper bound this expectation. One key step is to apply the data processing
inequality for KL divergence to upper bound the discrepancy of feedback F;
under change of distribution.

This lower bound is the first characterization involving N, L, and T'. It in-

dicates our proposed algorithms are nearly order-optimal within a logarithm

factor y/logT'.

4.3.4 Discussion

Corollaries 4.1 and 4.2 reveal that by properly choosing the confidence level
0 and the uniform exploration probability p, the regrets of GLRT-CascadeUCB
and GLRT-CascadeKL-UCB can be upper bounded by

R(T) = O (s/NLTlogT> ,

where O(-) notation hides the gap term Af}ff;nge and the lower order term

N(L = K)logT /amin - Note that compared to CUSUM in [61, Liu et al., 2018]
and CMSW in [60, Cao et al., 2019], the tuning parameters are fewer and do

min

change &S shown

not require the smallest magnitude among the change-points
in Corollary 4.1. Moreover, parameter  and p follow simple rules as shown
in Corollary 4.1, while complicated parameter tuning steps are required in
CUSUM and CMSW.

The upper bounds on the regret of GLRT-CascadeUCB and GLRT-Cascade-
KL-UCB are improved over state-of-the-art algorithms CascadeDUCB and Casc-

adeSWUCB in [56, Li et al., 2019] either in the dependence on L or both L and
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T, as their upper bounds are O(LvV/NTlogT) and O(L/NTlogT), respec-
tively. In real-world applications, both L and 7' can be huge. For example,
L and T are in the millions in web search, which reveals the significance of
the improved L dependence in our bounds. Compared to recent works on
piecewise-stationary MAB [62] and combinatorial MAB (CMAB) [77] that
adopt GLRT as the change-point detector, the problem setting considered
herein is different. In MAB, only one selected item rather than a list of items
is allowed per time slot. Notice that although CMAB [213, 214, 215] or non-
stationary CMAB [77] also allow a list of items, they have full feedback on

all K items under semi-bandit setting.

4.4 Numerical Experiments

In this section, numerical experiments on both synthetic and real-world
datasets are carried out to validate the effectiveness of proposed algorithms.
Four baseline algorithms are chosen for comparison, where CascadeUCB1 [6]
and CascadeKL-UCB [6] are nearly optimal algorithms to handle stationary
CB; while CascadeDUCB [56] and CascadeSWUCB [56] cope with piecewise-
stationary CB through a passively adaptive manner. In addition, two ora-
cle algorithms, Oracle-CascadeUCB1 and Oracle-CascadeKL-UCB, that have
access to change-point times are also selected for comparison. In particular,
the oracle algorithms restart when a change-point occur. Based on the theo-
retical analysis by [56], we choose & = 0.5, v = 1 —0.25/+/T for CascadeDUCB
and choose 7 = 2y/T'logT for CascadeSWUCB. For GLRT-CascadeUCB and
GLRT-CascadeKL-UCB, we set § = 1/7 and p = 0.14/N log T'/T.

4.4.1 Synthetic Dataset

In this experiment, let L = 10 and K = 3. We consider a simulated piecewise-
stationary environment setup as follows: i) the expected attractions of the
top K items remain constant over the whole time horizon; ii) in each even
piecewise-stationary segment, three suboptimal items are chosen randomly
and their expected attractions are set to be 0.9; iii) in each odd piecewise-
stationary segment, we reset the expected attractions to the initial state. In

this experiment, we set the length of each piecewise-stationary segment to
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Figure 4.2: Click rate of each item of synthetic dataset with 7" = 25000,
L =10 and N = 10.
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Figure 4.3: Expected cumulative regrets of different algorithms on synthetic
dataset.

be 2500 and choose N = 10, which is a total of 25000 steps. Figure 4.2 is a
detailed depiction of the piecewise-stationary environment.

Figure 4.3 reports the T-step cumulative regrets of all the algorithms by
taking the average of the regrets over 100 Monte Carlo simulations. The
results show that the proposed GLRT-CascadeUCB and GLRT-CascadeKL-UCB
achieve better performances than other algorithms and are very close to the
oracle algorithms. Compared with the best existing algorithm, GLRT-Cascad-
eUCB achieves a 20% reduction of the cumulative regret and this fraction is
33% for GLRT-CascadeKL-UCB, which is consistent with difference of empirical
results between passively adaptive approach and actively adaptive approach
in MAB. Notice that although CascadeDUCB seems to capture the change-
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Figure 4.4: Click rate of each item of Yahoo! dataset with T" = 90000,
L=6and N =9.

points, the performance is even worse than algorithms designed for stationary
CB. TThere are two possible reasons: i) The theoretical result shows that
CascadeDUCB is worse than other algorithms for piecewise-stationary CB by a
VIog T factor; ii) the time horizon 7T is not long enough. It is worth mention-
ing that our experiment on this synthetic dataset violates Assumption 4.2,
as it would require more than 10 time slots for each piecewise-stationary
segment. Surprisingly, the proposed algorithms are capable of detecting all
the change-points correctly with high probability and sufficiently fast in our

experiments.

4.4.2 Yahoo! Dataset

In this section, we adopt the benchmark dataset for the evaluation of bandit
algorithms published by Yahoo!'. This dataset, using binary values to indi-
cate if there is a click or not, contains user click log for news articles displayed
in the Featured Tab of the Today Module on Yahoo! [216], where each item
corresponds to one article. We pre-process the dataset by adopting the same
method as [60, Cao et al., 2019], where L = 6, K =2 and N = 9. To make
the experiment nontrivial, several modifications are applied to the dataset:

i) the click rate of each item is enlarged by 10 times; ii) the time horizon

“Yahoo! Front Page Today Module User Click Log Dataset on
https://webscope.sandbox.yahoo.com
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Figure 4.5: Expected cumulative regrets of different algorithms on Yahoo!
dataset.

is reduced to 7" = 90000, which is shown in Figure 4.4. Figure 4.5 presents
the cumulative regrets of all algorithms by averaging 100 Monte Carlo trials
which shows the regrets of our proposed algorithms are just slightly above
the oracle algorithms and significantly outperform other algorithms. The
reason that algorithms designed for stationarity perform better in the first

three segments is the optimal list does not change.

4.5 Proof of Theorem 4.1

4.5.1 Proofs of Auxiliary Lemmas

In this section, we present auxiliary lemmas which are used to prove Theo-
rem 4.1, as well as their proofs. We start by upper bounding the regret under

the stationary scenario with N =1, vy =0, and 1, =T

Lemma 4.1. Under stationary scenario (N = 1), the regret of GLRT-Cascad
eUCB s upper bounded as

R(T) < TP (1, <T) +pT + Cy,

where 11 is the first detection time.

Proof of Lemma 4.1. Denote R; := R (A;, wy,Z;) as the regret of the learn-

ing algorithm at time slot ¢, where A; is the recommended list at time slot ¢
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and wy; is the associated expected attraction vector at time slot t. By further
denoting as 7, the first change-point detection time of the Bernoulli GLRT,
the regret of GLRT-CascadeUCB can be decomposed as:

T T
R(T)=E|> RI{n <T}| +E|> RI{rn >T}
t=1 t=1

(a) T
<TP(r <T)+E|Y RI{n >T}|,
t=1

(0)

where inequality (a) holds due to the fact that B < 1 and E [I{ny < T}| =
P(n <T).

In order to bound the term (b), we denote the event U as the algo-
rithm being in the forced uniform exploration phase and let & := {3¢ €
L st. |wi(0) — W (€)] > \/3logt/(2ns,)} be the event that W;(¢) is not in
the high-probability confidence interval around w'(¢), where w'({) is ex-
pected attraction of item ¢ in the first piecewise-stationary segment, w (/)
is the sample mean of item ¢ up to time slot ¢, and n,, is the number of
times that item ¢ is observed up to time slot t. Term (b) can be further

decomposed as

T T T
E(Y RI{n>T} =E|) RIU} +E|) RI{r >T & U}
t=1 t=1 t=1
T
+E ) RI{n >T,&.,,U}
t=1
(¢) T
<Tp+E | RI{n >T,& U}
t=1
(d)
T
+E ) RI{n >T,&, U},
t=1

/

~

(e)

where inequality (c) is because of the fact that B, < 1 and the uniform

exploration probability is p. Term (d) can be bounded by applying the
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Chernoff-Hoeffding inequality,

E RtH{Tl > T, Stfl,ﬁ}

-

t

Z ( —W(0)] > /3logt/ (2nz))

1 t=1 ne=1

L T t Sloat 7T2L
2 —3logt < T~
;sz ;

M) =

~
Il

IN

Furthermore, term (e) can be bounded as follows,

) L 12
< pT + Z G logT,
=K+1 —s1(),51(K)

T
E > RI{n>TE U}

t=1

where the inequality (f) follows the proof of Theorem 2 in [6]. By summing

all terms, we prove the result. O

Then we bound the false alarm probability P (7, < T') in Lemma 4.1 under

previously mentioned stationary scenario.

Lemma 4.2. Consider the stationary scenario, with confidence level § €
(0,1) for the Bernoulli GLRT, and we have that

P(r, <T) < L6

Proof of Lemma 4.2. Define 7,; as the first change-point detection time of
the ¢th item. Then, 7 = minge, 7,;. Since the global restart is adopted by
applying the union bound we have that

~

Recall the GLR statistic defined in (4.4), and plug it into P (71 <T'), we
have that

P(r1 <7) <P[3(s,n) € N> n<ngs<n:
sKL ([’J},l:s’ /“1%,117’) + (n - S)KL ([I’;,s—‘rl:n? ﬂ;,l:n) > B(na 5)]
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<PH(s,n) eN*n<T,s<n:

sKL (ﬂ},l:sa ﬂ%,l:n) + (TL - S>KL (la%,erl:n? ﬂ%,l:n) > 6(”? 6)]
(a)
<P3(s,n) eN*n<T,s<n:

SKL (fig 1.5, W' (0)) + (n = )KL (fig g 1.0, W' (£)) > B(n, )]

) o
< ZP[HS <n: sKL (g 1.5, W' (£))

s=1
+ (= $)KL (f1g 1.0, W' (€)) > B(n, 0)]
T
< P[EreN:sKL (i, w'(0))
s=1

7KL (. w' () > B(s +7.0)]

e~ § DS 6§
<2 g = 2gan =0

s=1

where fi; ., is the mean of the rewards generated from the distribution f;
with expected reward w'(¢) from time slot s to s'. Inequality (a) is because
of the fact that

sKL (ﬂl:s» ﬂl:n) + (7’L - S)KL (/ls—l—lzna /llzn)

= inf [sKL (fir.s, A) 4+ (1 — )KL (fisy 10, V)] ;
A€0,1]

inequality (b) is because of the union bound; inequality (c) is because of
the Lemma 10 in [62]; and inequality (d) holds due to the Riemann zeta
function ((x) and when x = 3/2, ((3/2) < 2.7. Thus, we conclude by
P(r <T)< L. O

Next, we define the event C¥ that all the change-points up to ith have
been detected quickly and correctly:

CO ={vj<imef{y+1,-,v+d}}. (4.11)

Lemma 4.3 below shows C®) happens with high probability.

Lemma 4.3. (Lemma 12 in [62]) When CU~Y) holds, GLRT with confidence
level § is capable of detecting the change point v; correctly and quickly with
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high probability, that s,
Plr < ui]C(ifl)} < L6, and P [1; > v; + di\C(ifl)] <4,

where T; 1s the detection time of ith change-point.

In the next lemma, we bound the expected detection delay with the good
event C® holds.

Lemma 4.4. The expected delay given C is:
E [r — v|C%] < d;.

Proof. By the definition of C®, the conditional expected delay is obviously
upper bounded by d;. O

4.5.2 Proof of Theorem 4.1

Proof. Define good events E; = {r; > v;} and D; = {7, <v; +d;}, V1 <i <
N — 1. Recall the definition of the good event C that all the change-points
up to ith one have been detected correctly and quickly in (4.11), and we can
find that C¥) = EyNDyN---NE;ND;. Again, we denote R, := R (A, w;, Z;)
as the regret of the learning algorithm at time slot ¢. By first decomposing

the expected cumulative regret with respect to the event E;, we have that

R(T)=E |> RI{E}| +E

S R}

- -
<E ZRtH{El} + TP(E)
L t=1 i

a V1 T
(g) EY RI{E} +E| > R|+TLs
t=1 t=v1+1
() ~ T
<Ci+up+E| > R|+TLS,
t=v1+1

(c)

where the inequality (a) is because that P(E;) can be bounded using Lemma 4.2
and inequality (b) holds due to Lemma 4.1. To bound the term (c), by ap-
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plying the law of total expectation, we have that

T

>

t=v1+1

. _
<E| Y R|CY|+T1-P(END))
Lt=v1+1 J
- :
=E| Y R |CY|+T(PE UD))
[t=v1+1
r T

<E| ) R|EnND

Lt=v1+1
TV

()

E

+T'(L + 1)0,

J/

where P(E,UD)) is acquired by applying the union bound on the Lemma 4.3.
Then, we turn to the term (d), by further splitting the regret,

T

> R|END

t=v1+1

. -
Lt=v1+1 |
. :
<E| ) R|CY|I+E

Lt=m1+1

E

i R, | C(l)]

t=v1+1
NS -~ >

(e)

. i
<E| > R |CY| +d,

Lt=v1+1

where term (e) is bounded by applying the Lemma 4.4 and the fact that
Rt S 1. Thus,

T
R(I)<E| > R |CY| +Ci+vip+dy+3TL6.
t=v1+1
Similarly,
T r T T
E| Y RI|CY|<E| ) RI{E}|CY| +TPECY)
t=v1+1 Lt=v1+1 i
[ e 7 T
<E| Y RIE}[CVI+E| DY R |CV|+TLs
Lt=v1+1 i t=vo+1
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T

Z R, | c

t=vo+1

@

<Cy+ (e —11)p+E +T'Lo,

J/

where P(E,|C™")) directly follows Lemma 4.3. To bound term (f),

T
Z R, ‘ c
t=vo+1

T
<E| Y R|EnDNCY| +T(1-P(EnNDycY))
Lt=v2+1 i
- -
=E| Y R|EnNDyNCY|+TP(E,UD,cY)
Li=vo+1

r T

<E| Y R|c®

Lt=r2+1

E

+T(L + 1)5,

S/

-~

(9)

where P(E,UD,|CV) is acquired by applying the union bound on Lemma 4.3.

For term (g), we have

T T T2
E| Y RI|CP|I<E| D RICPI+E]| > Rt]c@)]
t=vo+1 | t=T2+1 h t=vo+1
- .
<E| > R|CP|+d.
[t=v2+1 J

Wrapping up previous steps, we have that

T
Z R, } c?

t=vo+1

R(T) <E +Cy + Co + vop + dy + dy + 6TLS.

Recursively, the upper bound on the regret of GLRT-CascadeUCB is given by

N-1

N
R(T) <> Ci+Tp+ > di+3NTLS.
=1 =1

63



4.5.3 Proof of Corollary 4.1

Proof. By applying the upper bound on G(x) that G(z) < x + 4log(1 + = +
Vv2x) if x > 5 to d;, we have that

4L 2L
di S R 2 + —
P (M) B(T.8) P
(@ 4L 373/ log (3222 373/2
< — 2[1og< 5 )+810g<1+%+ log( 5 >
p (Achange)
2L
+ 6log(1l + log T")] + >
20Llog T+o(LlogT)
—— + 2L
b min
(S) (Achange) SJ L log T o
P P (D)

where (a)(b) hold when log(37°/%) > 10 (equals to T > 36). By plugging d;

into Theorem 4.1, we have that,

N(L — K)logT NLlogT
( ) log Tp+ og

R(T) S — ——— +3NL.
Ao P (D)
Combining the above analysis we conclude the corollary. O

4.6  Proof of Theorem 4.2

Proof of Theorem 4.2. We start by defining the good event Hp that all the

change-points have been detected correctly and quickly,
Hr = {VZ: 1,....N—-1,1; € {Vi—l—l,...,Vi—i—di}},

And let &; = {30 € {s;(1),...,s(K)} s.t. w'(¢{) > UCBkp(f)} be the
event that the expected attraction of at least one optimal item is above the
UCB index at time slot ¢t and ¢ is in ith piecewise-stationary segment, where
UCBkL(¢) is the KL-UCB index of ¢ item computed at time slot ¢. The
regret of GLRT-CascadeKL-UCB can be decomposed as

T
R(T) <E +E +E | ) RI{U Hr}
t=1

XT: RI{UY}

T
> RI{U, Hr}
t=1

64



<pT+TP HT +121:d + E ZRJ{Z/{ Hr, E— 11}]

(a) ’
(b)

N—1 Vit1
+ Z E Z RJI{U, Hr, 5t—1,i+1}]
i=1 t=7;+1

v~

(c)

%1 N-1 Vit1
E Z Rtﬂ{a7 HT; gl‘,fl,l} + Z E Z Rt]:[{277 HTu gtl,i+1}] .
t=1 i=1 t=1;+1

(

=

(e)

Bound Term (a): Recall the definition of C®) and applying the union
bound,

i

]P(ﬁT) < Pl {vi+1,...,v;+ d@-}|C(i*1))

1

2

N-1 N-1
S ZP(E S I/i‘c(iil)) + Z P(Tl Z v; + dllc(271))
i=1 i=1

where the last inequality is due to Lemma 4.3.

Bound Terms (b) and (c): By plugging in the event & ;, we have that

Vit1
Z Rtﬂ{ay Hr, 5t1,z’+1}]

< ZE 1{C"} Z I{ns, (o) e KL(W (5:(07)), we(s¢(€7))) = g(t — 73)}
=1 t=1;+1

< KE Z ) KL(Wi(50(£7)), Wa(5:(€7))) = g(t = 7) }|C©

— KE Z T o) KL(Wi(50(€7)), W' (5:(€7))) = g(t = 7) }|CW

<K Y B@s <t KL wi(si(£))) = (1)
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T
1
<K < Kloglog T
< ;tlogt_ oglog T,

where the first inequality is due to Hy € C¥; w(¢) is the mean of the rewards
of item ¢ after the most recent detection time 7 and up to time slot t; and
the last inequality follows directly from Lemma 2 in [212]. Note that (b) can
be upper bounded similar to the procedures of bounding (c).

Bound Terms (d) and (e): Here, according to the proof of Theorem 3
in [6], (d) and (e) can be bounded as

Vit+1
ZRJ{Z/{ M, Ean}| or B > RI{UHr, &y}
t=1 t=1;+1
L (1—|—6)A15++11 s+1(K)(1+log(1/AlH )

sit1(£),8i41(K)
log T + 3loglogT
KL(wt (si11(£)), witt(si41(K))) (log slos )

< 2
{=K+1

02(6)

FEON

p)

where Cy(€) and B(e) follow the same definition in [6]. Denote D; as

L i+1 i+1
Z (1+e AS i+1(6),si +1(K)(1 * 1Og(1/AS i+1(6) Sz+1(K)))
KL(w 1 (si11(6)), Wit (5141 (K)))
C
X (logT + 3loglogT) + ZE? (4.12)

Summing up all terms, and we have that

N—-1 N—-1
R(T) <T(N—1)(L+1)6+Tp+ Y _di+ KNloglogT + Y D;.

i=1 i=0

4.7 Proof of Theorem 4.3

Proof of Theorem 4.3. The first step in deriving the minimax lower bound
is to construct a randomized ‘hard instance’ as follows. Partition the time

horizon T"into N blocks and name them By, ..., By, where the lengths of first
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N —1 blocks are [T/N] and the length of the last block is T— (N —1)[T/N].
In each segment, L — 1 items follow Bernoulli distribution with probability
1/2 and only one item follows Bernoulli distribution with probability 1/2+e,
where € is a small positive number. Let ¢f = arg maxc, w'({), i.e, the item
with largest click probability during B;. The distributions of the ¢!’s are

defined as follows:
e (i ~ Uniform({1,...,L}).
e for i > 2, ¢f ~ Uniform(L \ ¢;_,).

Note that for this randomized instance, the regret for any policy 7 is

R™(T) = e(1/2)K'E"| Z > I ¢ A}

=1 teB;

The expectation is taken with respect to the policy 7 and this randomized
instance. From the above decomposition, we see that to lower bound the
regret for any policy 7, it suffices to upper bound E“[Zi]\il Y oen, Il €
A:}], the expectation of total number of recommendations to the item with
largest click probability. Before we lower bound this quantity, we need some
additional notation. Let P! be the joint distribution of {A;, F}}iep, given
the policy m and the /th item being the item with largest click probability,
P? be the joint distribution of {A;, F} }+ep, given the policy 7 and every item
following the Bernoulli distribution with probability 1/2. Furthermore, let
E¢[-] and EY[-] as their respective expectations. Let Nf be the total numbers
of appearances of item ¢ in the recommendation list during B;. In order to

lower bound the target expectation, we need the following lemma.

Lemma 4.5. For any segment B; and any { € L, we have

| B 1

NG < BN OrN¢ ,
BV < BONY] + 0[R9IV log(~— )

Proof of Lemma 4.5. The proof is similar to Lemma A.1 in [217]. The key
difference is we apply the data processing inequality for KL divergence to

upper bound the discrepancy of the partial feedback F;’s under different
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distributions.

e - B € By oy
(b) | | o1 of
< 2Dk (PY||PY)
B o ST D (PORIA P FIAY)
teB;
B o S™ D (P21 4011 PLZA A
teB;

z|\/ 0[N\ ! 1
Ei[Ni]log(l_%Q),

where Dgr,(+) is the KL divergence, (a) is due to the boundedness of N}, (b)
is due to Pinsker’s inequality, (c) is due to data processing inequality for KL

divergence. |

Apply Lemma 4.5 for B; and sum over all items to get

S CEN <Y EIN] +Z EO[NY] Jlog( 1462)

el el el

B;
s@H%Mmma

—) (4.13)

where the last inequality is due to >, E[Nf] = |B;| and Jensen’s inequal-

ity. Then we are able to lower bound the regret for any policy 7.

R™(T) = ¢(1/2)% (T E™[ Z > {4 € A} )

i=1 teB;

—
N2

a

2 (1/2)% @n%z “ummﬁ%

=1

— € € LT
0/ (- - it o i

(b) 2
2 (1 (— - ;ﬂ\/%log%) |

where (a) is due to inequality (4.13), and (b) holds by L > 3, 4¢> < 1 and

. . _ L— .
log 1= < 4log(3)x for all z € [0, 1]. Finally, setting e = ‘H/ﬁ finishes
the proof. n
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CHAPTER 5

ADVERSARIAL LINEAR CONTEXTUAL
BANDITS WITH GRAPH-STRUCTURED
SIDE OBSERVATIONS

5.1 Problem Formulation

Notation. In Chapter 5, we use ||z|/2 to denote the Euclidean norm of
vector z; (z,y) stands for the inner product of x and y. We also define
E[]=E H]—"t_l} as the expectation given the filtration F;_;.

We consider an adversarial linear contextual bandit problem with graph-
structured side observations between an agent with a finite action set V' :=
{1,..., L} and its adversary. At each timestept =1,2,...,7T, the interaction
steps between the agent and its adversary are repeated, which are described
as follows. At the beginning of time step ¢, the feedback graph G,(V, &;) and
a loss vector 6;; € R? for each action i € V are chosen by the adversary
arbitrarily, where G; can be directed or undirected, V' is the node set (the
same as the action set V'), and & is the edge set. Note that G, and 6, ; are not
disclosed to the agent at this time. After observing a context X, € R¢, the
agent chooses an action I; € V to play based on X;, the previous interaction
history, and possibly some randomness in the policy, and incurs the loss
Ci( Xy, It) = (X4, 01,4). Unlike recently proposed adversarial linear contextual
bandits [81], where only the played action I; discloses its loss ¢;( Xy, I;), here
we assume all losses in a subset Sp,; C V' are disclosed after I, is played,
where S;, contains [; and its neighboring nodes in the feedback graph G;.
More formally, we have that S;, := {j € V!z’ i>j € & or j =i}, where i>j
indicates an edge from node i to node j in a directed graph or an edge between
7 and j in an undirected graph at time t. These observations except for that
of action I; are called side observations in graphical bandits [71]. In addition,
an oracle provides extra observations for all i € S, (see Assumption 5.2 for
details). Before proceeding to time step t + 1, the adversary discloses G; to
the agent.
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Remark 5.1. The way the adversary discloses G; in this chapter is called
the uninformed setting, where G, is disclosed after the agent’s decision
making. Contrarily, a simpler setting from the agent’s perspective is called
the informed setting [72], where G, is disclosed before the agent’s decision
making. The uninformed setting is the minimum requirement for our problem

to capture the benefits of side observations [218, Theorem 1].

Furthermore, we have the following assumptions for above interaction

steps.

Assumption 5.1 (i.i.d. contexts). The context X; € R is drawn from a dis-
tribution D independently from the choice of loss vectors and other contexts,

where D is known by the agent in advance .

Assumption 5.2 (extra observation oracle). Assume at each time step t,
there exists an oracle that draws a context X, € R% from D independently
from the choice of loss vectors and other contexts, and discloses X, together
with the losses l~t()~(t, i) = <)~Q, 9i7t> for all i € Sy, to the agent.

Assumption 5.3 (nonoblivious adversary). The adversary can be nonobliv-
tous, who is allowed to choose G and 0;4,Yi € V at time t according to
arbitrary functions of the interaction history F,_1 before time step t. Here,
Fi = 0(Xy, Xo, I, Gy, {0s(Xs, 1) Yies., {0s(Xs, 1) Yies., Vs < t) is the filtration

capturing the interaction history up to time step t.

Remark 5.2. Assumption 5.1 is standard in the literature of adversarial
contextual bandits [81, 219, 220, 221]. In fact, it has been shown that if
both the contexts and loss vectors are chosen by the adversary, no algorithm
can achieve a sublinear regret [81, 220]. The oracle in Assumption 5.2 is
mainly adopted from the proof perspective, and its role will be clear in the
analysis. In real-world applications, this oracle can be realized. Consider the
viral marketing problem for an example. After the user and her/his followers
complete the questionnaire and get the offers, they will probably purchase
the products and leave online reviews after they experience those products.
Then, the extra observations can be provided by those reviews. Assump-
tion 5.3 indicates 6;; is a random vector with E;[0;;] = 60;,;, and a similar
result holds for GG;. Note that a bandit problem with a nonoblivious adver-
sary is harder than that with an oblivious adversary [222, 223] that chooses

all loss vectors and feedback graphs before the start of the interactions.
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The goal of the agent is to find a policy that minimizes its expected cu-
mulative loss. Equivalently, we can adopt the expected cumulative (pseudo)
regret, defined as the maximum gap between the expected cumulative loss

incurred by the agent and that of a properly chosen policy set II,

mpell

r T
Ry = max E Z X, 01,0 — Orp(x)) t>]

= max [ ZZV i (1] Xe) — mr (i) X)) <Xt761t>] ;

mpell

where the expectation is taken over the randomness of the agent’s policy and
the contexts. It is widely acknowledged that competing with a policy that
uniformly chooses the best action in each time step ¢ while incurring an o(7")
regret is hopeless in the adversarial setting [222, 223]. Thus, we adopt the

fixed policy set II proposed for adversarial linear contextual bandits [81],
IT := {77 |all policies 77 : R V'} | (5.1)

where the decision given by 7 € Il only depends the current received context

X;. The best policy 77 € Il is the one that satisfies the following condition

T
mp(tz) =1 {z = argrjréi‘l/lz <x,]E[9j,t]>} , Vo € RY,
=1

which can be derived from the regret definition as shown in [81].

Before presenting our algorithms, we will further introduce several com-
mon assumptions and definitions in linear contextual bandits and graphical
bandits. We assume the context distribution D is supported on a bounded
set with each x ~ D satisfying ||z||s < o for some positive o. Furthermore,
we assume the covariance ¥ = E[X;X,"] of D to be positive definite with its
smallest eigenvalue being A, > 0. As for the loss vector 6;;, we assume
that ||0;+]2 < L for some positive L for all 4, t. Additionally, the loss ¢;(z,t)
is bounded in [—1,1]: |[ly(x,i)] < 1 for all  ~ D, i, and t. We have the
following graph-theoretic definition from [72, 74, 78].

Definition 5.1 (Independence number). The cardinality of the maximum
independent set of a graph Gy is defined as the independence number and

denoted by a(Gy), where an independence set of Gy = (V;, &) is any subset
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V! € V; such that no two nodes i,j € V/ are connected by an edge in &. Note
that a(Gy) < L in general. Without ambiguity, we use o(G) = %Zthl a(Gy)
to denote the average independence number of the feedback graphs {Gi}1,

in remainder of Chapter 5.

5.2 The EXP3-LGC-U Algorithm

Algorithm 5.1: EXP3-LGC-U
Require: : Learning rate n > 0, uniform exploration rate v € (0, 1), covariance
>, and action set V
1: fort=1,...,7T do
2: Feedback graph G; and loss vectors {6;;};,cv are generated but not

disclosed
3: Observe X; ~ D, and for all i € V, set

wy (X, 1) = exp (—ntz:l <Xt, éls>> (5.2)

4: Play action I; drawn according to distribution
T (Xy) = (mf (1| Xy), ..., 7 (L| X)), where

R0 = (1= 7))y

g
ngv wi(X¢, J) L (5:3)

Observe pairs (4, £,(Xy,4)) for all ¢ € Sy, ;, and disclose feedback graph G

6:  Extra observation oracle: observe X; ~ D and pairs (i, £;(X,,)) for all
1€ Slf,,t
7 For each ¢ € V, estimate the loss vector 6;; as
. I{icsS L
9” - MZ_Itht(Xhi), (54)

q:(i| X3)

where q;(i| X;) = 7 (i| X¢) + Zj;jLﬁ T (j| Xe)
8: end for

In this section, we introduce our first simple yet efficient algorithm, EXP3-
LGC-U, for both directed and undirected feedback graphs, which is the abbre-
viation for “EXP3 for Linear Graphical Contextual bandits with Uniform
exploration”. Detailed steps of EXP3-LGC-U are presented in Algorithm 5.1.
The upper bounds for the regret of EXP3-LGC-U are developed in Section 5.2.1.
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We further discuss our theoretical findings on EXP3-LGC-U in Section 5.2.2.
The proofs for the Claims, Theorems, and Corollaries in this section are
deferred to Section 5.4.

The core of our algorithm, similar to many other algorithms for adver-
sarial bandits, is designing an appropriate estimator of each loss vector and
using those estimators to define a proper policy. Following the EXP3-based
algorithms, we apply an exponentially weighted method and play an action
i with probability proportional to exp(—n > '_} (X, 0;..)) (see (5.2)) at time
step t, where 7 is the learning rate. More precisely, a uniform exploration
is needed for the probability distribution of drawing action (see (5.3)). The
uniform exploration is to control the variance of the loss vector estimators,
a key step in our analysis. At this point, the key remaining question is how
to design a reasonable estimator for each loss vector 6;;. The answer can be
found in (5.4), which takes advantage of both the original observations and
the extra observations from the oracle. Similar to EXP3-SET, our algorithm
uses importance sampling to construct the loss vector estimator éu with con-
trolled variance. The term ¢ (i|X}) in the denominator in (5.4) indicates the
probability of observing the loss of action ¢ at time ¢, which is simply the
sum of all 7f(j]X;) for all j that is connected to i at time ¢t. The reason
we use /(X;,4) and X, instead of ¢(X,,i) and X, in constructing loss vector

estimator ém can be partly interpreted in the following two claims.

Claim 5.1. The estimator éi,t of the loss vector 6, in (5.4) is an unbiased

estimator given the interaction history Fy_1 and Xy, for each t € V and t,

z'.e., Et [éi,t Xt:| = 0“.

It is straightforward to show that the estimator éi,t in (5.4) is unbiased
w.r.t. E;[] and E [-] by applying the law of total expectation. However, if we
use X; and £(X,,4) to construct 0;, in (5.4), it will only be unbiased w.r.t.
E; [-] and E[-], but not E; [-| X;]. This observation turns out to be essential

in our analysis, which leads to the following immediate result of Claim 5.1.

Claim 5.2. Let mp : R? — V be any policy in I and éi,t follows (5.4).
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Suppose 7 is determined by Fi—1 and X;, we have

ZZ T (i) Xe) — (2] X)) (X, zt>]

~E ZX; mii1X) = mr (i1 X)) (X, 6 >] (5.5)

Remark 5.3. The advantages and properties of Claim 5.2 are summarized
as follows: i) By applying the policy produced by EXP3-LGC-U and the best
policy in the fixed policy set I in (5.1), the term in the right hand side of
(5.5) is exactly the regret Ry of EXP3-LGC-U. Given this property, the known
loss vector estimate éi,ta instead of the unknown true loss vector 6;;, can be
applied directly to our analysis of the regret. ii) Claim 5.2 is not confined to
EXP3-LGC-U and can be applied to other loss vector estimators that adopt
different construction methods and any other benchmark policy, as long as
Claim 5.1 is satisfied. iii) Based on Claim 5.2, some techniques in proving

classical EXP3 can be utilized in our analysis of the regret.

Remark 5.4. Claim 5.2 exhibits several differences between adversarial con-
textual bandits and classical adversarial MAB. First, the benchmark policy
(| X¢) depends on the contexts in adversarial contextual bandits, while the
benchmark policy is the best fixed action in hindsight in classical adversarial
MAB. Second, consider the regret definition of classical adversarial MAB,
RYAE = maxjey B |3 Xy 7P (0)6:,) — Ej,t], where 7MAB(4) is the
policy produced by an EXP3-based algorithm and /; ; is the loss for action 7 at
time step t. Since no context exists here, it is natural to design an estimator
éi,t of ¢;; that is unbiased w.r.t. E;[-], and a similar result as Claim 5.2 can
be proven. However, with the contexts, if the loss vector estimators are only
unbiased w.r.t. E;[-] rather than E,[-] X;], Claim 5.2 will not hold as shown
in the proof of Claim 5.2 in Section 5.4.2.

Remarks 5.3 and 5.4 explain the need of adopting the extra observation

oracle in EXP3-LGC-U and the way the loss vector estimator éi,t is constructed.
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5.2.1 Regret Analysis for EXP3-LGC-U

Our main theoretical justification for the performance of EXP3-LGC-U sum-

marized in Theorem 5.1.

Theorem 5.1. For any positive n € (0,1), choosing v = nLo? /A, the
expected cumulative regret of EXP3-LGC-U satisfies:

2
R, < log L L 2nLo

T
o Amin T+ndZE[Qt]’

t=1
where Q; = a(Gy) if Gy is undirected, and Q; = 4a(Gy)log(4L*/(a(Gy)Y)) if
Gy 1s directed.

The proof of Theorem 5.1 is mainly based on the following Lemma 5.1,
which is established on Claim 5.2.

Lemma 5.1. Supposing ’77 <Xt, ém> < 1, the expected cumulative regret of

EXP3-LGC-U satisfies

Ry < log L

+ 29T +nE

T 2
IDIEADD <Xt,9i,t> ] . (5.6)
t=1 ieV

The proof of Lemma 5.1 is detailed in Section 5.4.3. The last term in the
right side of (5.6) can be further bounded using graph-theoretic results in

[74, Lemma 10] and [73, Lemma 5], which are restated in Section 5.4.

Remark 5.5. According to (5.13) in the proof of Theorem 5.1 in Section 5.4,
if the extra observation oracle is not adopted, we will have a higher-order term
E[X,/Y7'X, XY™ X;]. In general, it is hard to specify the relationship
between this term and the dimension of contexts d. This explains why we

adopt the oracle in the algorithm.

We have the following two corollaries based on Theorem 5.1, where the
notations follow [72, 74].

Corollary 5.1. For the undirected graph setting, if o(Gy) < «; for t =

1,...,T, then setting n = \/QLUQT/)\,::f—dethlat gives

T
RT =0 <2L02T//\mm + d Z Oét> lOg L

t=1
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Corollary 5.2. For the directed graph setting, if «(Gy) < oy fort =1,....T,
and supposing that T is large enough so that log(1/v) > 1, then setting
n = (2Lo*T [ Ain + 4d Zle 04,5)’% gives:

T
Ry =0 | | 2Lo*T /A pin +4d Y a,log(LdT)

t=1

H.2.2  Discussion

Corollaries 5.1 and 5.2 reveal that by properly choosing the learning rate
7 and the uniform exploration rate v, the regret of EXP3-LGC-U can be
upper bounded by O(y/(L + a(G)d)T log L) in the undirected graph set-
ting, and O(y/(L + a(G)d)T log(LdT)) in the directed graph setting. Com-

pared with state-of-the-art algorithms for adversarial linear contextual ban-

dits, EXP3-LGC-U has tighter regret upper bounds in the extreme case when
the feedback graph Gy is a fixed edgeless graph (a(G) = L), as [81] shows
O(5T%3(Ldlog L)"/?) for RobustLinEXP3 and O(4v/T + +/dLT log L(3+
V1ogT)) for RealLinEXP3. It is easily verified that the dependencies on d
and T in the regrets of EXP3-LGC-U match with the best existing algorithm
ReallLinEXP3. Furthermore, the dependence on L of EXP3-LGC-U is matching
with the lower bound Q(y/a(G)T) for graphical bandits [71], which improves
over that of RealLinEXP3 in general cases. Moreover, our result is also better
than algorithms designed for adversarial contextual bandits with arbitrary
class of policies [219, 220, 221|, which are not capable of guaranteeing an
O(VT) regret.

In addition, [81] is different from ours in the following respects: i) loss
vector estimator construction, and ii) proof techniques. First, the estimator
in [81] is only unbiased w.r.t. E, [-] rather than E, [-| X;|. Second, their proof
is conducted on an auxiliary online learning problem for a fixed context X
with L actions (See [81, Lemmas 3 and 4] for details).

5.3 The EXP3-LGC-IX algorithm

In this section, we present another efficient algorithm, EXP3-LGC-IX, for a

special class of problems when the support of 6,; and X, is non-negative,
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and elements of X; are independent. The motivation for such a setting still
comes from the viral marketing problem. Suppose the agent has a question-
naire (context) of some product, which contains true/false questions that are
positively weighted. In this case, the answers of users (loss vectors) will be
vectors that contain only 0/1 entries. Under the linear payoff assumption,
the loss is non-negative. EXP3-LGC-IX, which is the abbreviation for “EXP3
for Linear Graphical Contextual bandits with Implicit eXploration”, has the
same regret upper bound for both directed and undirected graph settings, as
shown in Section 5.3.1. The proofs for the Claims, Theorems, and Corollaries

in this section are deferred to Section 5.5.

Algorithm 5.2: EXP3-LGC-IX

Require: Learning rate 7; > 0, implicit exploration rate 8; € (0, 1), covariance

>, and action set V.
1. fort=1,..., Tdo
2: Feedback graph G, and loss vectors {0; ; }icy are generated but not
disclosed
3: Observe X; ~ D, and play action I; drawn according to distribution
T (Xy) = (7 (1| Xy), ..., 7w (L| Xy)) with

U}t(Xt, Z)

el X)) = — T
e (Z‘ t) Zjeth(Xtaj)7

where wy(X;,1) = %exp (—nt Zi;ll <Xt, ézs>>
Observe pairs (i, £;(Xy,1)) for all i € Sy, 4, disclose feedback graph G,

5:  Extra observation oracle: observe X; ~ D and pairs (i, £;(X,, 1)) for all
xS Slt,t
6: For each i € V, estimate the loss vector 8; ; as
- I{ie S X ox
i = {Zilt’t}z_lxtgt(){t,i)» (5.8)

e (i X¢) + By

where q;(i| X¢) = (i X;) + DDNN T (j| Xe)

7: end for

%

Algorithm 5.2 shows the detailed steps of EXP3-LGC-IX, which follows the
method of classical EXP3 and is similar to EXP3-LGC-U. The main differences
between EXP3-LGC-IX and EXP3-LGC-U are as follows. First, no explicit
uniform exploration mixes with the probability distribution of drawing action

(see (5.7)). In this case, for EXP3-LGC-U without uniform exploration, only
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a worse regret upper bound that contains mas(G) rather than a(G) can be
proven in the directed graph setting, where mas(G) is the average mazimum
acyclic subgraphs number and mas(G) > a(G). This result could be obtained
by simply removing the uniform exploration part in the proof of EXP3-LGC-U
and substituting Lemma 5.3 with [74, Lemma 10]. Second, biased loss vector
estimator is adopted (see (5.8)). Similar to EXP3-IX, this biased estimator
ensures that the loss estimator satisfies the following claim which turns out

to be essential for our analysis.

Claim 5.3. The estimator éi,t of the loss vector 0, for each i € V and t

:

= w(A1X) (X, 050) — B Y

eV 2%

satisfies

E,

S (il ) <Xt,e},t>
%
(1] Xy)

X 1 5 b (59)

Remark 5.6. Claim 5.3 indicates the loss estimators in EXP3-LGC-IX are
optimistic. The bias incurred by EXP3-LGC-IX can be directly controlled
by the implicit exploration rate ;. This kind of implicit exploration actu-
ally has similar effect in controlling the variance of the loss estimators as
explicit exploration (e.g., uniform exploration), though the approach is dif-
ferent. Notice that Claim 5.3 does not hold if there is no extra observation
oracle (see the proof in Section 5.5.1 for details), which further demonstrates

the necessity of the oracle.

5.3.1 Regret analysis for EXP3-LGC-IX

The upper bound on the regret of EXP3-LGC-IX follows Theorem 5.2, where
the proof of Theorem 5.2 is deferred to Section 5.5.2. Notice that a similar
higher-order term as that in Remark 5.5 appear in the proof of Theorem 5.2,

if the extra observation oracle is not adopted.

Theorem 5.2. Setting 5, = \/log L/L+Y'1Q,) and
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N = \/log L/(dL + dZi;ll Qs), the expected regret of EXP3-LGC-IX satisfies:

Ry < 2(1 + Vd)E (L + ZQt> log L| (5.10)

t=1

for both directed and undirected graph settings, where QQ; =

2
2a(Gy) log (1 + %) + 2.

Based on Theorem 5.2, we have the following corollary.

Corollary 5.3. Suppose a(Gy) < oy fort =1,...T, the regret of EXP3-LGC-
IX satisfies

T
Rr=0 Z aydlog Llog (LT) |,

t=1

for both directed and undirected graph settings.

Corollary 5.3 reveals that by adopting the learning rate n; and the im-
plicit exploration rate (; adaptively, the regret of EXP3-LGC-IX can be upper
bounded by O(y/a(G)dT log Llog(LT)) for both directed and undirected
graph settings. This result indicates that EXP3-LGC-IX captures the benefits

of both contexts and side observations, as discussed in Section 5.2.2. The

EXP3-LGC-IX algorithm cannot handle negative losses due to the following
two reasons. First, if the losses are negative, Claim 5.3 does not hold. Sec-
ond, although we can flip the sign of 3; according to the sign of the loss vector
to guarantee the optimism of the loss estimator, the graph-theoretic result

(e.g., [82, Lemma 2]) cannot be applied as 3, is required to be positive.
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5.4 Proofs in Section 5.2

5.4.1 Proof of Claim 5.1

Proof. By plugging (5.4) into E; [ém

Xt], we have that

_]I{i & S[t}

E; |0;
t[ ! | a(i] X))

Eilj{'tgt()?t, Z)

x| =B,

‘

o N
_g, |WESboag gy | x,
- a(i|Xe)
W - |1 o
W, |5} v | g XX
(1| Xy)

where step (a) uses the fact that E; [0+ X;] = E;[0;i:] = 6i+, and X, is
independent of F;_;, X;, and 0;,. Notice the following facts,

]I{i - S[t}

B a(i] X))

_ (1 Xe) oot _
Xt] _JZ AR 1, and E [XtXt ] =)

':iESj’t

~

We conclude that E, [int

Xi| = i O

5.4.2 Proof of Claim 5.2

Proof.

E

Z (¢ (8| X¢) — (i X)) <Xt, ézt>]

eV

R (B | (ri 1) — 7r(1X0) (X060

eV

Z (i (1] Xe) — 7 (i] X3)) <Xt, £, [ézt

eV

Z (mf (i Xe) — mr(i] X)) (X, 9z’¢>] ;

eV

&l

<))

=E

)

—
=

where step (a) uses the law of total expectation and step (b) uses Claim 5.1.
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5.4.3 Proof of Lemma 5.1

Proof. As mentioned before, Claim 5.2 enables us to adopt the techniques
similar to the ones used to originally analyze EXP3 in [217]. We introduce
Wi(x) = > o wi(w, i) for convenience, where wy(x,4) is defined in (5.2).
With the assumption that [(X;, ;)| < 1, the following result holds for each
t=1,...,T,

log Wt-‘rl (Xt)
Wi(Xy)
log wt+1 Xt,
Wt Xy)
zEV
wt Xt’ . 77<Xt7éi,t>
log ( wWix,) ©
i log ( |Xt ,}//L .e ’I]<Xt,éi’t,>>
i€V
(b) Xy) L A A\ 2
< 1og( ) 7/ (1—n<Xt,e,~,t>+n2 (X, 0i0) ))
eV
(4] X, L R N2
( '1 S (—n (X0 0ia) + 0 (X0, 010 ))
-7
7T

|Xt ( <Xt, 0; t> + n? <Xt; éz‘,t>2>

L(ﬁ 5 > (X8, (5.11)

eV

Sy
2%
+

where equality (a) uses the definition of 7f(i|X;) in (5.3), in step (a) the
inequality e < 1 — z + 22 that holds for 2 > —1 is used, and in step (b) the
inequality log(1 + z) < z that holds for z > —1 is used.

The key to this proof is in the following. By drawing X from the dis-
tribution D that is independent of the entire interaction history Fr, and

substituting X; with X, we have that

o 0] _ gy )
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This is because X; and X are i.i.d., and for each term log(W;41(X:)/Wi(Xy)),
only X; is substituted with X while Xy,..., X;_; remain unchanged. Re-
peatedly, we apply this step to E [log %] for each t, which leads to the

following lower bound,

4 t 1( Xt - Wi (X
Wri1(X)
=F [log WIL(X) }
(a) wr 1 (X, 77(X))
= {IOg Wi (X) ]
E n Z <)(7 éﬂT > log L]

T]Z<Xt, e (X), > logL]
_nz_:zm(z’m) (X0 010) — logL] . (5.12)

where inequality (a) is due to the fact that Wry1(X) > wp (X, 77 (X)),
step (b) is derived from the definition of w1 (X, 77 (X)) and the fact that
log(W1(X)) = L, and step (c) is realized by substituting X with X; in each
of <X, éwT(X),t> as X; and X are i.i.d. Combining the upper bound in (5.11)
and the lower bound in (5.12) gives

—n ZT: > (il X0) <Xt, éz,t> — log L]

t=1 icV
=G 1))
tz; ; L <Xt7 6@t> +n? <Xt7 9z,t>
Fs Y <Xt,e;,t>] .

Reordering and multiplying both sides by 1_77 gives

ZZ my (1| Xy) — mp(i |Xt))<Xt7 m>]

t=1 i€V
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1—~)log L
S( ’V)g+17

E XT: Z i (1] X3) <Xt, éi,t>2]

N t=1 i€V
4 AE ;; (- — (i |Xt)> <Xt, t>] .

Furthermore, combining Claim 5.2 with the fact that

2|35 (5wt (x. ”>]

t=1 i€V
—E ZZ(——WT |Xt)) (X,.0,0)| <o,
t=1 i€V

and (1 — ) < 1, we conclude with

E | S (w01, - vr(ilX,) (x. M]
t=1 eV
IS <Xt,éi,t>2] |

t=1 eV

log L

< + 29T +nE

Since the above steps hold for any 7 € II, we have that

ZT: ZWf(i’Xt) <Xt7 éi,t>2] .

t=1 i€V

log L
Ry < 22 1 99T 4 E
n

5.4.4 Proof of Theorem 5.1

Before presenting the proof of Theorem 5.1, we restate the following two

graph-theoretic results from [71, 74] for convenience.

Lemma 5.2 (Lemma 10 in [74]). Let G; be an undirected graph. For any

distribution © over V,
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Lemma 5.3 (Lemma 5 in [73]). Let G; be a directed graph and m be any
probability distribution over V. Assume that w(i) > € for alli € V' for some
constant 0 < € < 5. Then,

() iz
2Ty, o) < O e

Proof of Theorem 5.1. Using Lemma 5.1, we are left to upper bound the
L\ 2

term E [ZtTl Y ey T (i Xy) <Xt,9,~7t> } Substituting (5.4) into this term

yields,

E Y 7ol X) <Xt,é,-,t>2]

eV

o Ifie Sy, ME(X, e e
=B | ) w(ilXy) t 21(;‘?; L >XJ2 X, X' 1Xt]
’LEV t
(a I{i e S .
<E |y wilx) {ZEM{;;}ijlXthzlxt] (5.13)
1€V

@E ZEt |i]I{Z & Sltt}

% )
L A

Xt] (| X)X, DX X, 27X |

where the step (a) is due to the fact that [2(X;, i) < 1, and step (b) uses the

law of total expectation. We have the following result for term A:

Ao 3 IO _alix) 1

Gi1X:)  GllX) X))

j:iESjyt

According to Lemmas 5.2 and 5.3, we know that

where Q; is a(G}) for undirected graph setting and 4a/(Gy) log(4L?/(a(G1)7Y))
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for directed graph setting. Also, @, is independent of X, and X;. Thus,

Z (1] Xy) <Xt7 éz‘,t>2

eV

E <E[Q]E [XJ XX z—lxt}

=E[Q]E [tr(E_lXtXtTE_lXtXtT)]

=dE [Qt] :

In addition, we must ensure that n ‘<Xt, élt>

<lforallt=1,...,T:

Lo?

)
min”Y

(ot = s

where we use the fact that q(i|X;) > 70(i|X,) > 2, |l,(X,,4)] < 1, and
‘X;Eilfft < 2. Choosing v = 1Lo” oyarantees UT<Xt7éi7t>’ < 1, which

)\min >\min

concludes the proof. O

‘XJ SLX (K z’)‘ <

5.4.5 Proofs of Corollaries 5.1 and 5.2

Proof of Corollary 5.1. Given the fact Q; = a(G;) in Theorem 5.1, and as-

suming a(Gy) < oy for t =1,...,T, we conclude that

T
Rp =0 <2L02T//\min +d) at> log L | ,

t=1

. log L
by setting n = \/ 2L02T/)\,n(i)f+d ST O

Proof of Corollary 5.2. Define f(z) = 4zlog(4L*/(z7)) for = < L, and we

have that )

4L
f'(z) :410g7 — 4log z — 4.

Notice that 4log(4L?) > 4log z, and so f(z) is an increasing function as long

as log(1/v) > 1. If a(Gy) < oy for t = 1,..., T, the following result holds if
log(1/7) = 1,
2 2

4
< 4oy log —.
a(Ge)y] — 108 oy

E [m(at) log

By choosing n = \/1/(L02T/)\min +4d Zthl a;) and vy = KL“’Q, we conclude
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that

Lo?
Ry =0 J ( N T +ad Z at> log(LdT)

5.5  Proofs for Section 5.3

5.5.1 Proof of Claim 5.3

Proof.

Z (1 Xy) <Xt> ézt>

eV

.

= i) XTZ IE, []I{z € S XX,
|Xt)

eV

(a) . Qt(2|Xt)
= L) X)) —————— (X4, 0;
2w LG X0

| 6.

i (i Xe)
= E 7 (1] X)) (X4, 0; E — (X4, 0)
g t | t t t> Bt — Qt(let) +/8t < t ,t>

where the equality (a) holds because I{i € Sy, ;} and X, are independent. [

5.5.2 Proof of Theorem 5.2

To prove Theorem 5.2, we need the graph-theoretic result from [82, Kocak
et al., 2014] which is restated here.

Lemma 5.4 (Lemma 2 in [82]). Let Gy be a directed or undirected graph with
vertex set V :={1,...,L}. Let a(G;) be the independence number of Gy and
7w be a distribution over V. Then,

7 (i) [L%/c] + L
iezv cm(i)+ 2 5,70) = 2alGilos (1 i a(Gy) ) 2

where ¢ is a positive constant.
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Proof of Theorem 5.2. We start by recalling the notation wy(z,i) =
exp(—m X202} (#.0,4))/L in (5.8), and introducing Wy(z) = X ey wi(z, 1)

and Wy(z) = > ;o exp (—nt,l St <x,é”>> /L. The proof follows [82]
with some additional techniques.

1 wt(Xt,i) _ X é
=—1lo ARG ) oo Xebir)
¢ (; Wi(X)

eV
2
— E log (1 + ;ﬂ't (1] X3) (—777& <Xt,9”> + 27715 <Xt,9zt> ))
® 1 aps ; 1, - \2
< — ) mXy) { —m <Xt78i,t> + -} <Xt,9i,t> : (5.14)
U=y 2

where step (a) uses the inequality exp(—z) < 1—2z+2%/2 that holds for z > 0
and step (b) uses the inequality log(1 + z) < z that holds for all z > —1.
Notice that

1 _ t 5
Wt“rl(Xt) - Z ze Nt+1 ZS:l <Xt792,t>

eV
Ney1
_Z < _nt s=1 Xt01t>> nt
eV
N41
(@ (1 ¢ 5 t
_ —Ne Y eeq (Xt,04t
1y i)
eV
, N4l
= (Wi (Xy)) (5.15)

41
where step (a) uses Jensen’s inequality for the concave function z W for all
z € R as 1 is a decreasing sequence. Taking the log(-) on both side of (5.15),

we have that

llog Wi (Xe) > log Wii1(X4) _ log Wi (X)
U Wi(Xy) — Mi+1 M .
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The following fact that can be easily interpreted using the same techniques
as Lemma 5.1:

XT: (log Wini(X,)  log Wt(Xt)>]

Mt41 U

t=1
) Fog Wr1(X 10g W (X)]
Nr+1 Ui
S E [longH (X, mr(X)) long(X)]
B N7r+1 Uil
—E

log L a -
[UT—H} E ;<X 9mxn>]

& {bgL} E i<xt x t> (5.16)
N Do) '

Li=1

where X ~ D is independent from the whole interaction history F;. Wrap-
ping up above steps in (5.14) and (5.16) and applying the Claim 5.3, the 6;;
is an optimistic estimator that E [Zthl <Xt, éﬂT( x4 )| <

E |:ZtT:1 <Xt, ewT(Xt),t>], we have that
log L

- [UT-H} -k Z <Xt’ GWT(Xt)7t>

t=1

sz i1X,) ( (x, zt>+%m <Xt,éi,t>2)]. (5.17)

T

=1 i€V

Notice that
E Z W?(Z|Xt) <Xt, éi,t>]

eV
Z 7y (4 X¢) <Xt7 ézt>

eV

dl

YR Zwt i|.Xy) (X4, 0i0) — ﬂtZM<Xt79u>]

= ” q (1| Xy) + B

(b)

> E Zﬂt i| Xe) (Xt, 0i0) — BiQ:] (5.18)
LieV

where step (a) is due to Claim 5.3, and step (b) uses Lemma 5.4 and
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(X1,0;4) €10,1]. Also,

:]E Et

E | n Z W?(ﬂXt) <Xt7 éi,t>2

eV

Tt Z my (1] X4) <Xt7 éi,t>2‘ Xt] ]

9%

<E Bl o ) <R [t e s

X7 Xt] E‘lXt]

_ (1] X)) @ (11 Xe) rert
=E [En] > O Xt]

B i (4] X ) qe (1] X)) To-1
= Wtz (Qt( |Xt) + Be)au (i |Xt)X o Xt]

a

<E [ntQttr(E_lXtXtT)] < E [n,Q:] d, (5.19)

—
a2

where step (a) uses Lemma 5.4. By reordering the results in Egs. (5.17), (5.18),
and (5.19), we have that

T

Z (i) — mr (i X)) (X, 0r)

{1‘)“] ZE 5Q] + Z Q).

N+1 =

(5.20)

Plugging in 7, and f; and using Lemma 3.5 in [224], the result in (5.20)

becomes

t=1

Ry < 2(1+ VA)E \l <L+ZT:Qt) log L |,

which holds for all 7 € II. O

5.5.3 Proof of Corollary 5.3

Proof. Notice that xlog(1l + a/z) is an increasing function of = € (0, co] for

any a > 0, and thus

Qi

Q. < 2a,log <1 + W) 42,
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if a(Gy) < oy fort=1,...T. Using the fact

log (1 " W) < log (1 y [EViL g LT + L) — O(log(LT)),

t Qg

we conclude that

T
Rr=0 Zatdlongog LT |,

t=1

for both directed and undirected graph settings. O
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Part 11

Joint Community Detection

and Phase Synchronization
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CHAPTER 6

MULTI-FREQUENCY JOINT
COMMUNITY DETECTION AND PHASE
SYNCHRONIZATION

6.1 Preliminaries

6.1.1 Notations

Throughout Chapter 6, we use [n] to denote the set {1,2,...,n}, and I{-}
to denote the indicator function. The uppercase and lowercase letters in
boldface are used to represent matrices and vectors, while normal letters
are reserved for scalars. || X||r and Tr(X) denote the Frobenius norm and
the trace of matrix X, and ||v||2 denotes the ¢ norm of the vector v. The
transpose and conjugate transpose of a matrix X (resp. a vector x) are
denoted by X T and X" (resp. " and z"), respectively. An m x n matrix
of all zeros is denoted by 0,,x, (or 0, for brevity). An identity matrix of size
n X n is defined as I,,. The complex conjugate of x is denoted by Z. The
inner product (-, -) between two scalars, vectors, and matrices are (x,y) = Ty,
(x,y) = "y, and (X,Y) = Tr(X"Y), respectively. In terms of indexing,
(4, j)th entry of X is denoted by X;;, and ith entry of = is denoted by x;.
X, (resp. X ;) is used to denote ith row (resp. jth column) of X. We use
X, ;. (resp. X;. ;) to denote the segment of the ith row (resp. jth column)
from the jth entry (resp. ith entry) to the end, and ;. to denote the segment
from ¢th entry to the end. In addition, the sub-matrix of X from the ith
row and jth column to the end is denoted by X ;.. Lastly, we use O and
O to denote the usual Big-O and Big-Theta notations. The notations are

summarized in Table 6.1.
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Table 6.1: Notation table.

[n] Set of first n positive integers: 1,...,n.
I{-} Indicator function.
X, x, x Matrix, vector, scalar.
X7, xH Transpose, conjugate transpose.
T Complex conjugate.
() Inner product.
|- 1F Frobenius norm of a matrix.
Il 12 £5 norm of a vector.
0.1 xn (01 0) All zero matrix of size m x n.
I, Identity matrix of size n x n.
Xi; the (¢, 7)th entry of X.
x; the ith entry of x.
X;. (X.,) the ith row (the jth column) of X.
X, 5 (X ) Segment of the ith row (the jth column) from the jth
HInATEIS 1 entry (the ith entry) to the end of the row (the column).
;. Segment of the vector & from the ith entry to the end.
X, Sub-matrix of X from the ith row
bl and the jth column to the end.
@ Big-O notation.
S} Big-Theta notation.

6.1.2 Definitions

Definition 6.1 (QR factorization). Given X € C™* ", a QR factorization
of X satisfies
X =QR,

where Q € C™*™ 4s a unitary matriz, and R € C™*" is an upper triangular

matriz.

Such factorization always exists for any X. The most common methods
for computing the QR factorization are Gram-Schmidt process [225] and

Householder transformation [226].

Definition 6.2 (Column-pivoted QR factorization). Let X € C™*™ with
m < n has rank m. The column-pivoted QR factorization of X 1is the fac-

torization

XHn = Q [Rla RQ] )

as computed via the Golub-Businger algorithm [227] where I1,, € {0, 1}
s a permutation matriz, Q is a unitary matriz, Ry is an upper triangular

matriz, and Ry € C™*(=m),

The ordinary QR factorization is proceeded on X from the first column
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to the last column in order, whereas the order of the CPQR factorization is
indicated by II,. We refer to [227] for more details on the CPQR factoriza-

tion.

Definition 6.3 (Projection onto H in (1.1)). For an arbitrary matriz X €

R™* ™ we define
Pu(X) :=argmin |H — X ||p = argmax(H, X)
HeH HeH

as the projection of X onto H.

The projection aims to find the cluster structure that has the largest
overall score given by X. It is shown in [228] that projection onto H is
equivalent to a minimum-cost assignment problem (MCAP) and can be effi-
ciently solved by the “incremental algorithm” for MCAP [229, Section 3] with
O(n*mlogm) computational complexity. The uniqueness condition of the
projection Py (X)) can be found in the proof of [229, Theorem 2.1] and [230,
Theorem 2]. If the solution is not unique, the “incremental algorithm” for

MCAP [229, Section 3] will generates a feasible projection randomly.

6.2 Problem Formulation

In this section, we formally define the probabilistic model, SBM-Ph, stud-
ied in this chapter. We first consider discrete phase angles and formulate
the corresponding MLE problem which exhibits a multi-frequency structure.
Then, we extend the problem to continuous phase angles and formulate a
truncated MLE problem.

6.2.1 Stochastic Block Model with Discrete Relative Phase
Angles

SBM-Ph is considered in a network with N nodes and M > 2 underlying
clusters of equal size s = N/m. We assume each node i € [N] falls into one of
M underlying clusters with the assignment M*(i) € [M] and is associated
with an unknown phase angle 0 € Q, where Q := {0,..., (2Knax + 1)A} is
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a discretization of [0,27) with A = 27/(2Kuna.x +1). We use S}, to denote the
set of nodes belonging to the mth cluster for all m € [M].

SBM-Ph generates a random graph G = ([N],£) with the node set [V]
and the edge set &€ C [N] x [N]. Each pair of nodes (i,j) are connected
independently with probability p if ¢ and j belong to the same cluster or
equivalently, M*(i) = M*(j). Otherwise, i and j are connected indepen-
dently with probability ¢ if M*(i) # M*(j). Meanwhile, a relative phase
angle 6;; € (2 is observed on each edge (i, j) € €. When M*(i) = M*(j), we
obtain 0;; := (0; — ) mod 27. Otherwise, we observe 0;; := u;; ~ Unif(€2),
which is drawn uniformly at random from (2.

Our observation model can be represented by the observation matrizx A €

CN*N which is a Hermitian matrix whose (7, j)th entry for any i < j satisfies,

e =9 with prob p if M*(i) = M*(j),
Ay ={ e with prob g if M*(i) # M*(j), (6.1)

0, 0.W.,

where Aj; = A_” We also set the diagonal entry A;; = 0,Vi € [N]. Notice
that a realization generated by the above observation matrix (6.1) is a noisy
version of the clean observation matriz A% € CV*N whose (i, j)th entry

satisfies,

W07 —07) if M*(3) = M*(j

e , i 7 ,

A;:]lean — ( ) (j> (62)
0, otherwise.

Specially, A is equal to A% when p =1 and ¢ = 0.

Remark 6.1. Unlike the observation matriz (or adjacency matriz) Agpy in
SBM [93, 92, 83, 103] with only {0, 1}-valued entries, A in (6.1) extends
to incorporating the relative phase angles 0;; into edges. On the other hand,
while entries of the observation matriz Apy, in the phase synchronization
problem [84, 121, 122] encode the the pairwise transformation information,

they do not have the underlying M -cluster structure.
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6.2.2 MLE with Multi-Frequency Nature

Based on the observation matrix A, we detail the MLE formulation for re-
covering the cluster structure and phase angles in this section. Given pa-
rameters, phase angles associated with nodes {§; € Q}Y, and the cluster
structure {S,,}¥_, of equal size s, the probability model of observing A,;

between node pair (i, j) is

P (A |{0; € Q1L {Sm}n=y)
(p, if Ay; = e %% and M(i) = M(j),
0, if Aj; # e =% and M(i) = M(j),
=q1—p, if A;; =0and M) = M(j),

1K, if A;; = e and M(i) # M(j),
1-q if A;; =0 and M(i) # M(j),

where M(-) is the assignment function corresponding to the cluster structure
{8, }M_, and K = 2K.x + 1. The likelihood function given observations
on the edge set £ is

P ({Aij}(i,j)es !{91 e L, {Sm}%:l)
_ H pH{Aij:eL(Gi*Gj)} H Oﬂ{AijieL(Gi*Hj)} H q/K7 (63)

M(D)=M() M()=M() M(D)£M()
(i,5)€E (3,5)€E (3,5)€E

due to the independence among edges within £. Notice that maximizing the
likelihood function (6.3) is equal to maximizing the following log-likelihood

function

logP ({Aij}igee [{6: € QL1 {Sm}m—1) =
Z I{A,;; = e’} logp + Z T{A;; # %%} 1og 0

M(D)=M(j M(i)=M(j
&,j)eg(]) Ei,)j)eg(]) (6.4)
+ Z log 9/k.
M(D)FM(F)
(i,5)€€
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Given 0 < 9/k < p, maximizing (6.4) is equivalent to

o2 Z 'H{eij:[(ei—ej) mod 27]}, (6.5)
M(i)=M(j)

{Sm}m 1 (’L ])ES
by assuming 0log0 = 0 in (6.4). By taking the FFT w.r.t. the support Q of
((6; — 6;) mod 2m)s and inverse FFT (IFFT) back, (6.5) is equivalent to

Kmdx

ey, 2: E: > <A$»LH”%“>7 (6.6)

{Sm}%;l —Kmax m=114,5€S,

where A®) is the kth entry-wise power of A with Ag.c) = ethbij,
As indicated by (6.6), the MLE exhibits a multi-frequency nature, where
1 .
Lies, (AL e @0y in (6.6). Al
though the following program using the first frequency component

{oieay, EE: > < ij € J)>7 (6.7)

1 Sm
(Smpi, TS

the kth frequency component is Z%zl >

is a reasonable formulation for the joint estimation problem as suggested
by [123, 1, 2], it is indeed not a MLE formulation. One can show that (6.7)

is equivalent to

max Z cos(6;; — (6; — 65)),

{eiGQ}ZN:1 M .
(9)=M(j)
{Sm}rj\r/{zl (27])65 I

which is not the MLE (6.5) of the joint estimation problem.
To proceed, we perform a change of optimization variables for (6.6). By

defining a unitary matrix V'€ CV*™ whose (i, m)th entry satisfies

LW if i € S, (or M(i) =m),
v. v ( (1) =m) (6.8)
0, otherwise,

the cluster structure {S,,}*_; and the associated phase angles {0; € Q}Y,

are encoded into one simple unitary matrix V. Then, the optimization pro-
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gram (6.6) can be reformulated as

Kmax
H
max < AW y® (y®) >
VE(CNXM k:ZKmaX ( ) (69)

s.t. V satisfies the form (6.8),

where each V) is generated by V' through the entry-wise power that satisfies

v \/Lge”“@i, if i € S (or M(i) = m),

m

(6.10)
0, otherwise.

The optimization program (6.9) is non-convex and is thus computationally
intractable to be solved exactly. Although one can try SDP based approaches
similar to [123], it is not guaranteed to obtain exact solutions to the MLE,
let alone the high computational complexity when N and K., are large.
Therefore, we propose a spectral method based on the MF-CPQR factoriza-
tion and an iterative MF-GPM in Section 6.3 and Section 6.4, respectively.

6.2.3 Extension to Continuous Phase Angles: A Truncated
MLE

We consider the joint estimation problem on a discretization of [0,27) in
Section 6.2.1, and then derive the MLE formulation in Section 6.2.2. Now,
we turn to the joint estimation problem with continuous phase angles in
0,27) (6; € [0,27),Vi € [N]).

Following the similar steps as (6.3), (6.4), (6.5), the MLE formulation is

max > I([(6; — 6;) mod 27| = 6;). (6.11)
102051 i) =)
{Smbmzr 7 ijee
The MLE formulation (6.11) is essentially equal to counting the times that

5([(6; — 0;) mod 27| = 6;;) = oo, where §(-) is the Dirac delta function. We
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can express the Dirac delta function with its Fourier series expansion,

+o00
k=—o0
Kmax (6.12)
~ Z ebk(elfej)efbkew .
k=—Kmax

The straightforward truncation in (6.12) corresponds to approximating the
Dirac delta with the Dirichlet kernel. By this truncation, the problem

in (6.11) is converted to

Kmax M

(k) Lk(9i79~)>
max E g A e iy, 6.13
{6:€[0,2m)}X < N (6:13)

{Sm}%; L k=—Kmax m=14,jESm
The optimization program (6.13) is a truncated MLE of the joint estimation
problem with continuous phase angles of (6.11).

As one can observe from (6.6) and (6.13), the only difference is that 6; € ©
is discrete in (6.6), and 6; € [0,27) is continuous in (6.13). Algorithms
in Section 6.3 and 6.4 can also be directly applied to the joint estimation
problem with continuous phase angles after simple modification. Due to the
similarity between the joint estimation problem and its continuous extension,
we will only focus on the joint estimation problem on 2 (despite numerical

experiments) in remaining parts of this chapter for brevity.

6.3 Spectral Method Based on the MF-CPQR
Factorization

In this section, we propose a spectral method based on the novel MF-CPQR
factorization for the joint estimation problem. We start with introducing
main steps and motivations of Algorithm 6.1 in Section 6.3.1. Section 6.3.2
states the novel algorithm, the MF-CPQR factorization, designed for our
spectral method, together with the difference between the MF-CPQR fac-
torization and the CPQR factorization. In Section 6.3.3, we discuss the
computational complexity of our proposed algorithm in detail.

Our spectral method based on the MF-CPQR factorization is inspired by
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Algorithm 6.1: The spectral method based on the MF-CPQR fac-

torization
Input: The observation matrix A, and the number of clusters M.
1 (Eigendecomposition) For k = —Kpax, - - . , Kmax, compute the top M
eigenvectors ®F) € CN*M of A*) such that (<I>(k))H ®F) =1,
2 (MF-CPQR factorization) Compute the multi-frequency column-pivoted QR

Kmax
factorization (detailed in Algorithm 6.2) of {(Q(k))T}k o which yields

T T
(.I,(k)) My = QHWR® = (q,(k)) — QW RMII], (6.14)

Update R%) < RMTI},Vk = — Kpax, - - - » Kiax
3 (Recovery of the cluster structure and the phase angles) For each node i € [N],
assign its cluster as

Kmax
M(i)  argmax  { max Z <eLk9i, REJ:Z)> (6.15)
me[M] - R
Then estimate the phase angle given the recovered cluster assignment M(z)
KII!&X
0; < arg max Z <eLk0i,R(’f) _ > (6.16)
0,0 W M(i)i

Output: Estimated cluster structure {M (i)}~ ; and estimated phase angles
{0115,

the CPQR-type algorithms [231, 1] together with the multi-frequency nature
of the MLE formulation (6.9). Similar to the CPQR-type algorithms, Algo-
rithm 6.1 is deterministic and free of any initialization. Meanwhile, in terms
of computational complexity, Algorithm 6.1 scales linearly w.r.t. the number

of edges |€| and near-linearly w.r.t. K.

6.3.1 Motivations

Algorithm 6.1 consists of three steps: i) Eigendecomposition of A®), ii) MF-
CPQR factorization, and iii) Recovery of the cluster structure and phase an-
gles. It first computes matrices {<I>(k) . that contain the top M eigen-
vectors of each A® via eigendecomposition. Secondly, matrices { R P .
are obtained through the MF-CPQR factorization which is detailed in Algo-
rithm 6.2. The last step is recovering the cluster structure and associated
phase angles based on {R(k)}f;“i’}(max via (6.15) and (6.16).

In terms of motivations for Algorithm 6.1, we start from the MLE formu-
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lation (6.9). We first relax (6.9) by replacing the constraints in (6.8) with
ViV = Iy,

Kmax
H
$® = argmax <A(k),V(k) v ® >
e 2 V) .17
st. VAV =1,

by noticing that V' in (6.8) forms an orthonormal basis. The optimization
problem in (6.17) is still non-convex, and there is no simple spectral method
that can directly solve the problem. One approach is to relax the dependency
of V¥) among different frequencies and split (6.17) into different frequencies,

and that is, for £k = — K ay, . . ., Knax, we have

®" = argmax <A(k), vH (V(k))H>

V(k)eCNxM

st. (VE)'v® =1,

(6.18)

The optimizer of (6.18) is the matrix that contains the top M eigenvectors of
A" denoted by @*) € CV*M, This accounts for step 1 (eigendecomposition)
in Algorithm 6.1.

In fact, one can infer the cluster structure from {@®}m= = To see
this, for k = —Kuax, . - -, Kmax, we split A% into deterministic and random

parts:
A® =E[AW] + (A® —E[AW]) = E[AW]+ AP, (6.19)

where E[A®)] = pAY  with AY)

clean clean

A ean (6.2), and the residual A®) is a random perturbation with E[A®)] = 0.

Obviously, each E[A®)] is a low rank matrix that satisfies the following eigen-

being the entry-wise kth power of

decomposition:
M H
E[A®] =ps > @) (¥®)",
m=1
1 _uk6r e x
with ‘112(7,2 B v iti e Sy,
0, otherwise,

where *) ¢ CV*M ig a matrix defined in a similar manner as V*) in (6.10),
and satisfies (\Il(k))H W) = I, Then, for k = —Kpax, - - - , Kmax (except for
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k = 0), the non-zero entry in each row of ¥*) indicates the underlying cluster
assignment M*(i) and the exact phase angle 67 of node i.

Therefore, to recover the cluster structure and associated phase angles,
it suffices to extract {lIl(k)}ﬁ“j’}(max from {@(k)}f;“j’}(max. For the ease of
illustration, we first consider the case when p = 1 and ¢ = 0. This indicates,
for k = —Kmuxs -+ s Konay A® = A% A® — 0 and &® = ¢¥®HO®
where O%) € CM*M s some unitary matrix. However, {O®) f:mj’;(max are
unknown and even not synchronized among all frequencies. To address this
issue, the MF-CPQR factorization is introduced. Here, we assume that the
first s nodes are from the cluster Sy, the following s nodes are from S;, and
so on. Applying the MF-CPQR factorization (step 2) in Algorithm 6.1 yields

(assume Iy = Iy)

1 T
&M — (0™ (v — (0™ «
(®9) = (0")" ()" = = (0%)
etkf1 etkts ... 0 e 0
O e O e 6Lk9}k\l—s+1 RN eLke}‘V
ebkﬁf 0
= (0" x
0 . ebke}k\f—s—o—l (62())
:;Em
| etk (03 =07) 0 0
0 --- 0 B TP (N SR Y)
—R(®)
_ Q("’)R(k),
for k = —Kpax, - - -, Kmax. Therefore, each Q%) € CM*M ig g unitary matrix

that includes the unknown unitary matrix O®, and each R*® ¢ CM*N is
a matrix that excludes O®). More significantly, {R®} = contains all
the information needed to recover the cluster structure and associated phase
angles.

To recover the cluster structure, the CPQR-type algorithm [1] only uses
R, By noticing that for each node i, the ith column of R™M (e.g., R(lz))
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is sparse (its mth entry qu?b is nonzero if and only if m = M*(i)), one can
determine the cluster assignment of node ¢ by the position of the nonzero
entry. Meanwhile, the associated phase angle can also be determined by
obtaining the phase angle from the nonzero entry (up to some global phase
transition in the same cluster). When the observation A is noisy, the CPQR-
type algorithm recovers the cluster structure and associated phase angle of
node 7 by the position of the entry with the largest amplitude. The following
Theorem 6.1 proves as long as the perturbation to E[A®] is less than a
certain threshold, ®®) is still close to $HO® for k = —Kpax, - . -, Kmax
(except for k = 0).

Theorem 6.1 (Row-wise error bound, adapted from [1]). Given a network
with N nodes and M = 2 underlying clusters, for a sufficiently large N, we

suppose

_ V(1 —p) +q)logN
= <
pvV N
for some small constant cy. Consequently, with probability at least 1 —

Co

max H<I>£k) — \IIZ@OU“)
i€[N] ’ ’

<
2™~ /N’
where O®) = P((T*)HHHK)),

Theorem 6.1 guarantees that i) amplitudes of other entries are less than
the entry indicating the true cluster structure with high probability, ii) the
phase angle information is preserved with high fidelity. Theorem 6.1 can
be proven by following the same routines as [1] by replacing the orthogonal
group element O; with the U(1) group element (e.g., e'%/). The reason why
Theorem 6.1 holds for k = — K.y, - . -, Kimax (despite k& = 0) is due to statis-
tics of random perturbations { A®1}, in (6.19) do not change among different
frequencies. This is because the noise models of A®) and A are the same.
More specifically, the noisy entry e** : u;; ~ Unif(Q2) in (6.1) has the same
statistics as e*"i5 in A®) due to the fact that Fu;; still yields the distribution
Unif(©2).

Note that the CPQR-type algorithm in [1] is not developed from the MLE
formulation (6.9) of the joint estimation problem and thus does not capture
the multi-frequency nature. In this chapter, we leverage {R(k)},f:‘“i}mx that

contain information about the cluster structure and associated phase angles
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R(’Kmax) R(k) R(Kmax)

\\

|/ L
! §

(~Fema) (emax)
RGEmed . Rl l
(kmax) . pUimax)
Rin Ry

Figure 6.1: Illustration of step 3 in Algorithm 6.1. For each ¢ € [IV], all the

1th columns in {R(k) kK:ij are extracted to estimate the cluster

assignment and phase anglén af)z)llowing (6.15) and (6.16).

across multiple frequencies (step 3). Specifically, we first consider the same
case as that in (6.20) for intuition. As illustrated in Figure 6.1, the matrix

concatenated by the ith (i < s) columns across all frequencies is

_R’EIKmaX) L R,Ef) . Rl(f(max) ,
: : : . : = —X
Ry - Ry - Ry
-efLKmax(O: —07) ... k(07 —07) et Kmax (07 —07)
0 e 0 - 0
I 0 0 0

The cluster assignment of ¢ can be acquired by finding the non-sparse row
of the above matrix, and the phase angle can be determined by evaluating
the non-sparse row (e.g., FFT). When the observation A is noisy, (6.15)
and (6.16) are used to estimate the cluster structure and associated phase
angles, which can be interpreted as checking the consistency or conducting
majority vote among all frequencies. The performance is expected to be at
least as good as the CPQR-type algorithm. This is because each ®®* has
the same theoretical guarantee as the CPQR-type algorithm according to
Theorem 6.1, and (6.15) (6.16) are just checking the consistency across all
frequencies. In Section 6.5, we will show that our proposed spectral method
based on the MF-CPQR factorization is capable of significantly outperform-
ing the CPQR-type algorithm.
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Algorithm 6.2: MF-CPQR factorization

Input: The set of eigenvectors {({)(k)) kK::XK

Init: Q) « Iy, R® < (™) Vi = — Ky, .., Kinax, and Ty < Iy
1 form=1,2,...,M do
/* Pivot selection */
2 for j=m,m+1,...,N do

3 ‘ Compute the residual p; < Ef:“‘j’}{nm ||R7(j§) il

4 end

5 Determine the pivot j* <— argmax;_,, n pj

6 For both {R®}-! and Iy, swap the mth column with the pivot (j*th)
column

/* One step QR factorization for all frequencies */
7 for k = — Kz, - - -, Koz do

8 Apply one step QR factorization in Algorithm 6.3 on R/S,If;),m;7 and get
~£7”f:),m: and -ﬁv(”rlf),m
I, _ 0
9 Update Qifi) — { 0 ! ~ (k) :|
10 Update Rﬁ,’f?,m; — ﬁ,(ff)m and Q) «+ Q(“Qﬂf)
11 end
12 end

Output: {QW} iy {RW)fmey and Ty

Besides, for the joint estimation problem with continuous phase angles,
(6.15) and (6.16) will be modified as

Kﬂ]ax
M(i) + argmax max Z <€Lk9i, R£:3> ,
me[M) 0i€f0.2m) | =
Klnax
0; < arg max Z <ebk0i, Ri\];) . > )
biclogn) 2 (@)e

Solving the max problem over [0, 27) is infeasible in general. Instead, one can
apply the zero-padding and FFT for an approximate solution with any de-
sired precision. Specifically, in estimating the cluster assignment, by padding
zeros to [RSZ-K"‘“), o ,Riln?, e ,Rffim“)] as [0, ... 7O,R;L_Z-K"“’"‘), o ,Rg;?, ce

R%’“‘“‘),O, ..., 0], taking the FFT, and finding the entry with largest real
part, (arg)maxg,cjo,2r) f:mj’}(max <e”“9i, RE:1)> can be solved approximately,

where the precision is determined by the number of padded zeros.
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Algorithm 6.3: One step QR factorization using Householder
transformation
Input: A matrix X € C"*"
/* Householder transformation */
T — X.’l
0 «+ —e*“7t||7||, where /7, is the phase angle of r;
u + r — fe, where e = [1,0,...,0]"
CRaR|
Q « I, — 2voH
X+ QX
X17. — B_LLX“XL.
s Q1 e XnQ.
Output: Q and R.

N 0 oA W =

6.3.2 MF-CPQR Factorization

As stated in Definition 6.2, the difference between the ordinary QR factor-
ization and the CPQR factorization is selecting appropriate pivot ordering
(encoded in ITy). The CPQR factorization attempts to find a subset of
columns that are as most linearly independent as possible and are used to
determine the basis. In this chapter, the CPQR factorization across multiple
frequencies is developed to cope with the multi-frequency structure of the
MLE formulation.

Definition 6.4 (Multi-frequency column-pivoted QR factorization). Let X *) ¢
C™ ™ with m < n has rankm fork = — Kz, . . ., Kjpae. The multi-frequency

column-pivoted QR factorization of X*) is the factorization
k k

as computed via Algorithm 6.2 where IL, € {0, 1}"*™ is a permutation matriz
fized for all k = —Kpag, - - - s Kmaz, Q¥ is a unitary matriz, ng) is an upper

triangular matriz, and Rék) € Crmx(n—m)

It requires to i) obtain the same subset of columns among all frequencies
that are as most linearly independent as possible, and ii) use the same pivot
ordering (or IIy) among all frequencies. The former promotes the cluster
structure estimation performance because each node i (other than the piv-
ots) is assigned to a cluster mainly according to the similarities between the

column ¢ and the columns of pivots: the latter ensures the validity of (6.15)

and (6.16).
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The MF-CPQR factorization is detailed in Algorithm 6.2, where the House-
holder transform [226] (Algorithm 6.3) is adopted for a better numerical sta-
bility. Specifically, the novel MF-CPQR factorization is different from the
ordinary CPQR [232, 225] in the pivot selection. The pivot is determined by
finding the column with the largest summation of /5 norm of residuals over

all frequencies (see line 3 in Algorithm 6.2).

Table 6.2: The computational complexity of Algorithm 6.1 in each step.

Steps Computational Complexity
1. Eigendecomposition O(Kmax|€])

2. MF-CPQR factorization O(KmaxN)

3. Clustering by (6.15) O(N K pax log Kax)

4. Phase synchronization by (6.16) O(N)

Total complexity O(Kmax(|€] + N log Kmax))

6.3.3 Computational Complexity

In this section, the computational complexity of Algorithm 6.1 is summarized
step by step in Table 6.2. Here, we suppose M = ©(1). First, it consists
of O(Kmax) times of eigendecomposition for M eigenvectors, which is O(|€|)
per time if using Lanczos method [233]. For the MF-CPQR factorization, it
consists of M times of column pivoting (O(N K p.x) per time) and M K.«
times of one step QR factorization (O(N) per step). In terms of recovering
the cluster structure, we first compute M N times of FFT for length-K .«
vectors (O(Kmax 10g Kmax) per vector) and then compute the maximums
(O(N Kpax) + O(N)). Since the FFT of {RW} = s already computed,
it is only O(N) for synchronizing the phase angles. Overall, the computa-
tional cost is linear with the number of edges |€| and nearly linear in Kp,y.
When the network G is densely connected with || = O(N?), Algorithm 6.1
ends up with O(KyaxN?) if log Ko < N. However, if |E] = o(N?), the
complexity of Algorithm 6.1 will be reduced. For instance, in the case when
€| = O(Nlog N) or |€] = O(N), which is very common as shown in [234],
the complexity of Algorithm 6.1 will be O(K paxN max{log N, log Kax}) or
O(Knax N log Kiax }), respectively.
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Algorithm 6.4: Iterative multi-frequency generalized power

method

Input: The observation matrix A, the initialization {S,,}*_; and {6; € Q}¥,,
and the number of iterations T

Construct {V(k)’o}kK;i’}(mx using {S,, }M_,; and {6; € Q}¥, according to (6.10)

2 fort=0,1,..., T —1do

/* Matrix multiplication */

3 For k = —Kuax, - - - , Kimax, compute the matrix multiplication

V&L AR (k)
/* Combine information across multiple frequencies */

[

4 Compute Vmaxt+l ¢ RVNXM whogse (i,m)th entry satisfies
Klnax
{ rmax,t+1 kO, xr(k),t+1
Vit e max Y (e VD) (6.21)

= max

/* Recovery of the cluster structure and associated phase angles
*/

5 For each node i € [N], assign its cluster assignment as

M(i) + argmax ff\iﬂfﬂ where H'! Py (V1)
me[M] ’

then estimate the associated phase angle given the estimated cluster
assignment M (1)

Kmax
5 K0: (k) t+1
0; %arggzax g <eL ’Vz'S\?l)(z‘) > (6.22)
‘ k=—Kmax

6 Construct {‘A/(k)*“rl}k;‘j’}(max using {M (i)}, and {;}¥, according
to (6.10)

7 end
Output: Estimated cluster structure {M (i)}, and estimated phase angles

6.4 TIterative Multi-Frequency Generalized Power
Method

In addition to the spectral method based on the MF-CPQR factorization
proposed in Section 6.3, we develop an iterative multi-frequency general-
ized power method for the joint estimation problem which is inspired by the
generalized power method [2] and the “multi-frequency” nature of the MLE

formulation (6.9).
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6.4.1 Detailed Steps and Motivations

Since the joint estimation problem is non-convex, the iterative multi-frequency
generalized power method requires a good initialization of the cluster struc-
ture and associated phase angles that are sufficiently close to the ground
truth. Various spectral algorithms (e.g., CPQR-type algorithm [1, Algo-
rithm 1], [2, Algorithm 3|, and Algorithm 6.1) can be used for initialization.
It is observed experimentally that random initialization will result in con-
vergence to a sub-optimal solution. Each iteration of Algorithm 6.4 consists
of three main steps. The first step (line 3) is the matrix multiplication be-
tween A®) and VO for all k = — Kopax, -+ + » Konax (line 4). Then we leverage
(line 4) V®H aeross all frequencies to aggregate and refine the information
needed for the joint estimation problem (6.21) which is inspired by (6.15).
The last step is estimating the cluster structure and associated phase angles.
As mentioned before, giving Vmaxt+l and then finding the corresponding
cluster assignment is equal to solving the MCAP (see Definition 6.3). This
is equivalent to projecting V™@t+1 onto the feasible set (line 5), after
which the matrix H'"! is obtained. The reason why the projection P(-) is
needed rather than directly using the index of the largest entry in each row
of Vmaxi+1 is hecause the solution of the latter approach does not necessarily
satisfy the constraint based on the size of each cluster. The associated phase
angles can be recovered according to the recovered cluster structure (6.22).
Besides, the modification of the iterative MF-GPM for the joint estimation
problem with continuous phase angles is the same as that of the spectral
method based on the MF-CPQR factorization.

The iterative GPM in [118, Liu et al., 20] is built upon the classical power
method which is used to compute the leading eigenvectors of a matrix. The
method in [118, Liu et al., 20] adds an important step: projection onto the
feasible set that is induced by the constraints on the cluster structure and
phase angles. The iterative MF-GPM introduced here takes a step further
by not only taking advantage of the efficiency of the power method and the
projection, but also leveraging the information across multiple frequencies. In
Section 6.5, numerical experiments show that the iterative MF-GPM largely
outperforms GPM [2].
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Table 6.3: The computational complexity of Algorithm 6.4 in each step.

Steps Computational Complexity

1. Initialization o))

2. Matrix multiplication O(Kmax|€])

3. Combine information O(N K pax log Kinax)

4. Estimation O(NlogN)

Total complexity O(Kmax €] + N(log N + Kpax log Kiax))

6.4.2 Computational Complexity

In this section, we compute the complexity of Algorithm 6.4 step by step
in Table 6.3. Again, here we assume M = O(1). In terms of initializa-
tion, the CPQR-type algorithm [1] is O(|£]). The matrix multiplication step
consists of O(Kax) times of matrix multiplication (O(|€|) per time). In or-
der to combine information across multiple frequencies, we need to compute
MN times of FFT of length-K .« vectors (O(Kpaxlog Knax) per vector).
For estimating cluster structure and associated phase angles, we first need
to project V™at+1 onto 7, which is O(Nlog N). Then complexity of es-
timating the cluster structure and associated phase angles using H'* s
negligible. When the network G is densely connected with |€] = O(N?),
Algorithm 6.4 ends up with O(KpaN?) if N > log K.y However, if |E] =
o(N?), for example O(N log N) and O(N), the complexity will be reduced to
O(Kmax N max{log N, log K.y }) and O(N max{log N, Kpax log Kiax}), re-
spectively. As a result, the computational complexity of Algorithm 6.4 is

very similar to Algorithm 6.1.

6.5 Numerical Experiments

This section deals with numerical experiments of the spectral method based
on the MF-CPQR factorization (Algorithm 6.1) and the iterative MF-GPM
(Algorithm 6.4) to showcase their performance against state-of-the-art bench-
mark algorithms!. For comparison, the benchmark algorithms are chosen as
i) the CPQR-type algorithm [1], ii) the GPM [2], where both of them can
be modified identically from the joint community and group synchroniza-

tion problem into the joint community detection and phase synchronization

!Codes are available at https://github.com/LingdaWang/Joint_Community_
Detection_and_Phase_Synchronization
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Figure 6.2: Comparison between the CPQR-type algorithm [1] (in the first
row) and the spectral method based on the MF-CPQR factorization (in the
second row) in terms of SRER and EPS, where a smaller black area in each
figure indicates a better performance. Experiments are conducted with the
setting M =2, N = 1000, and K,y = 16. (a) and (c): SRER (6.23) under
varying a in p = a'°¢n/n and § in ¢ = flogn/n; (b) and (d): EPS (6.24)
under varying « and f3.

problem. Specifically, algorithms in [1, 2| are single frequency version of our
proposed algorithms which can be realized by replacing the summation over
k in (6.15), (6.16), (6.21), and (6.22) with k = 1.

In each experiment, we generate the observation matrix A using the prob-
abilistic model, SBM-Ph, as discussed in Section 6.2 and estimate the cluster
structure and associated phase angles by the spectral algorithms based on
the MF-CPQR factorization, the iterative MF-GPM, and the benchmark al-
gorithms. To evaluate the numerical results, we defined two metrics, success
rate of exact recovery (SRER) and error of phase synchronization (EPS),

for recovering the cluster structure and associated phase angles. In terms of
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Figure 6.3: Comparison between the GPM [2] (in the first row) and the
iterative MF-GPM (in the second row) in terms of SRER and EPS, where a
smaller black area in each figure indicates a better performance.
Experiments are conducted with the same setting as Figure 6.2. (a) and
(c): SRER (6.23) under varying « in p = a8/ and § in g = flosn/n; (b)
and (d): EPS (6.24) under varying « and f.

SRER, it shows the rate of algorithms exactly recover the cluster structure.
Let Sy, = {i € [N]|M(i) = m} be the set of nodes assigned into the mth

cluster by algorithms, and we have that
SRER = the rate {S,,}M_, is identical to {S, }*_,. (6.23)

As for the EPS, it assesses the performance of recovering phase angles. We
define (™ = [e: lics:, € C® for each cluster that concatenates the ground
truth 07 for all i € 8%, and similarly 8™ = [eLé’i]iegfn € C° for the estimated

phase angles. Then, after removing the ambiguity with aligning 0™ with
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Figure 6.4: Results for the joint estimation problem with continuous phase
angles in [0, 27) using the CPQR-type algorithm [1], the GPM [2], the
spectral method based on the MF-CPQR factorization, and the iterative
MF-GPM, where a smaller black area in each figure indicates better
performance. The choice of M and N are the same as Figure 6.2. The first
and third columns show the SRER, and the second and fourth columns
shows EPS. (a), (b), (c), and (d): The results of the CPQR-type
algorithm [1] and the GPM [2]; (e), (f), (g), and (h): The results of the
spectral method based on the MF-CPQR factorization and the iterative
MF-GPM with K. = 5; (i), (j), (k), and (1): The results of the spectral
method based on the MF-CPQR factorization and the iterative MF-GPM
with Kpax = 10; (m), (n), (o), and (p): The results of the spectral method
based on the MF-CPQR factorization and the iterative MF-GPM with
Kiax = 20.

6™ in each cluster as

,_)/(m) — argmin Hé(m)ebg(m> _ 0*7(m)|’2’ VYm=1,...,M,
g(m)eq or [0,27)

113



the EPS is defined as

EPS = max max{min(|6; +~+™ — 67|, 2r — |6; + "™ —6:])}.  (6.24)
me[M] €S},

The EPS is actually the maximum error of estimated phase angles among all

nodes. Besides, both the SRER and EPS are computed over 20 independent

and identical realizations for each experiment in the following. In the rest

of this section, we first present the results of the joint estimation problem

in Section 6.5.1 and followed by the extension to continuous phase angles in
Section 6.5.2.

6.5.1 Results of the Joint Estimation Problem

We first show the results of the spectral method based on the MF-CPQR fac-
torization (Algorithm 6.1) against the CPQR-type algorithm [1] on the joint
estimation problem, where the case of M = 2, s = 500, and K., = 16 is
considered. Similar to [1, 2], we test the recovery performance in the regime
p,q = O(logn/n), where different p = al8”/n and ¢ = flogn/, with varying o
and ( are included. In Figure 6.2, we show SRER (6.23) and EPS (6.24). As
one can observe from Figure 6.2a and 6.2c, our proposed spectral method
based on the MF-CPQR factorization outperforms the CPQR-type algo-
rithm [1] in SRER. EPS follows a similar pattern.

Next, we test the performance of the iterative MF-GPM (Algorithm 6.4)
against the GPM [2] under the same choice of M, s, and K, as before.
Since the GPM and the iterative MF-GPM require initialization that is close
enough to the ground truth, we can choose either [2, Algorithm 3] or the
CPQR-type algorithm [1]. We set the number of iterations to be 50 as sug-
gested by [2]. Again, as one can observe from Figure 6.3, our proposed
iterative MF-GPM achieves higher accuracy in both SRER and EPS. Sur-
prisingly, one may also notice the region where p is small and ¢ is large
(top left area in Figure 6.3c), the iterative MF-GPM is capable of recovering
the cluster structure with high probability: however, this is not the case in
recovering associated phase angles.

When comparing the results shown in Figure 6.2 and 6.3 together, the
spectral method based on the MF-CPQR factorization shows very similar
result as the iterative MF-GPM which are both significantly better than the
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GPM [2] and the CPQR-type algorithm [1]. However, compared to the itera-
tive MF-GPM, the spectral method based on the MF-CPQR factorization is
free of initialization. One may also observe the performance of the GPM [2]
outperform the CPQR-type algorithm [1].

6.5.2 Results with Continuous Phase Angles

In this section, we show the results of our proposed algorithms against bench-
mark algorithms on the joint estimation problem with continuous phase an-
gles. As mentioned in Section 6.2.3, the algorithms tested in Section 6.5.1 can
be directly applied after simple modification (See Section 6.3.1 for details),
and thus we choose the similar setting as Section 6.5.1. Besides, since (6.13)
is a truncated MLE formulation of the true one (6.11), experiments of the
spectral method based on the MF-CPQR factorization and the iterative MF-
GPM with different K., are conducted to study the trend of the results as
Kiax grows. The results are detailed in Figure 6.4 with very similar per-
formance as shown in Figure 6.2 and 6.3. In addition, as K., grows, the
cluster structure recovery and phase synchronization become more accurate
in both MF-CPQR based method and iterative MF-GPM.

To choose a suitable K., for the continuous phase angles, we need to
consider the trade-off between the performance and the computational com-
plexity. We observe that the estimation accuracy is improved as K., in-
creases. On the other hand, the computational complexity scales linearly
with K. In addition, the computational complexity also depends on the
number of nodes N and the number of clusters M, which needs to be taken
into consideration for the trade-off between accuracy and efficiency. Thus, it
is difficult to state a simple optimal policy for choosing K\, for the continu-
ous phase angles. Despite this, we have shown that our methods outperform
the CPQR-type algorithm and the GPM as long as K,,.x > 1, and moreover
largely outperform other baseline algorithms when K., > 10. Therefore,

our choice of K, is between 10 to 30 for most cases.
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CHAPTER 7

ALMOST TUNE FREE VARIANCE
REDUCTION

7.1 Preliminaries

Notation. In Chapter 7, bold lowercase letters denote column vectors; E
represents expectation; ||x|| stands for the fo-norm of x; and (x,y) denotes
the inner product of vectors x and y.

We will first focus on the averaging techniques, whose generality goes be-
yond BB step sizes. To start with, this section briefly reviews the vanilla
SVRG and SARAH while their BB variants are postponed slightly.

7.1.1 Basic Assumptions

Assumption 7.1. Each f; : RY — R has L-Lipchitz gradient, that is,
IVfi(x) = Vi(y)ll < Lix -y, vx,y € RY.

Assumption 7.2. Each f; : R? — R is convexz.

Assumption 7.3. Function f : R? — R is p-strongly convez, that is, there
ewists pu > 0, such that f(x)—f(y) > (Vf(y),x—y) +5lx—y[? vx,y € R".

Assumption 7.4. Fach f; : R? — R is u-strongly convex, meaning there
eists p1 > 0, so that fi(x) = fily) > (Vfi(y),x—y) +5x—y[? vx,y € R%.

Assumption 7.1 requires each loss function to be sufficiently smooth. One
can certainly require smoothness of each individual loss function and refine
Assumption 7.1 as f; has L;-Lipchitz gradient. Clearly L = max; L;. By
combining with importance sampling [235, 236, 237], such a refined assump-
tion can slightly tighten the x dependence in the complexity bound. How-
ever, since the extension is straightforward, we will keep using the simpler

Assumption 7.1 for clarity. Assumption 7.3 only requires f to be strongly
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convex which is weaker than Assumption 7.4. Assumptions 7.1 — 7.4 are all

standard in variance reduction algorithms.

7.1.2 Recap of SVRG and SARAH

Algorithm 7.1: SVRG
1: Initialize: X°, n, m, S
2: for s=1,2,...,5 do

3 x5 =x!

4:  g° =Vf(xp)

5: for k=0,1,...,m—1do

6: uniformly draw iy, € [n]

T vi= V() - Vi (xE) - g

8: Xp1 =X — Vi

9: end for

10:  select X* randomly from {x}};* , following p*
11: end for

12: Output: x°

Algorithm 7.2: SARAH
1: Initialize: X°, n, m, S
2: for s=1,2,...,5 do
3 x5 =x""1 and v§ = Vf(x})

4: x] =x5—nv§

5: for k=1,2,....m—1do

6: uniformly draw iy € [n]

T Vi = Vi (x3) = Vi (x521) + Vi

8: Xpi1 = Xp — Vi

9:  end for

10:  select X* randomly from {x}};* , following p*
11: end for

12: Output: x°

The steps of SVRG and SARAH are listed in Algorithm 7.1 and 7.2, re-
spectively. Each employs a fine-grained reduced-variance gradient estimate
per iteration. For SVRG, vj is an unbiased estimate since E[vi|F;_;] =
Vf(x3), where Fi | = o(x°* " ig,41,...,4%_1) is the o-algebra generated by
X7 iy, g, ..., ig_1; while SARAH adopts a biased vi, that is, E[vi|F: ] =
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Vix;) — Vi) +vi, # Vf(x;). The variance (mean-square error
(MSE)) of v§ in SVRG (SARAH) can be upper bounded by quantities that

dictate the optimality gap (gradient norm square).

Lemma 7.1. [128, 132] The MSE of v; in SVRG is bounded as follows:

SVRG : E[IVf(x}) — vill*] < E[llvil]
<ALE[f(x;) — f(x")] +4LE[f(x5) — f(x")].

The MSE of vi, in SARAH 1is also bounded as

SARAI: - E[I976) —vilF] < 325 (E[I956)17) — E[IvilF] ).

Another upper bound on SVRG’s gradient estimate is available; see e.g.,
[236], but it is not suitable for our analysis. Intuitively, Lemma 7.1 suggests
that if SVRG or SARAH converges, the MSE of their gradient estimates also
approaches to zero.

At the end of each inner loop, the starting point of the next outer loop
is randomly selected among {x; }}*, according to a pmf vector p* € A, 41,
where A,,.1 = {p € RT™|(1,p) = 1}. We term p* the averaging weight
vector, and let p; denote the jth entry of p®. Leveraging the MSE bounds
in Lemma 7.1 and choosing a proper averaging vector, SVRG and SARAH
iterates for strongly convex problems can be proved to converge linearly.

For SVRG, two types of averaging exist.

e U-Avg (SVRG) [128]: vector p® is chosen as the pmf of an (al-
most) uniform distribution; that is, p;, = 0, and p; = 1/m for k =
{0,1,...,m — 1}. Under Assumptions 7.1 — 7.3, the choice of n =
O(1/L) and m = O(k) ensures that SVRG iterates converge linearly.!

e L-Avg (SVRG) [140, 238]: Only the last iteration is used for av-
5 ; or equivalently, by setting p = 1, and

eraging by setting x°* = xJ ;
pp = 0,Vk # m. Under Assumptions 7.1 — 7.3, linear convergence is

ensured by choosing n = O(1/(Lk)) and m = O(k?).

'For simplicity and clarity of exposition we only highlight the order of n and m, and
hide other constants in big-O notation. Detailed choices can be found in the corresponding
references.
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To guarantee linear convergence, SVRG with L-Avg must adopt a much
smaller n and larger m compared with U-Avg. L-Avg with such a small step
size leads to complexity (’)( (n+ x%)In %) that has worse dependence on .

For SARAH, there are also two averaging options.

e U-Avg (SARAH) [132]: here p® is selected to have entries pf, =
0, and p; = 1/m, for k = {0,1,...,m — 1}. Linear convergence is
guaranteed with complexity (’)((n + k) In %) under Assumptions 7.1 —
7.3 so long as one selects n = O(1/L) and m = O(k).

e L-Avg (SARAH) [136]: here p® is chosen with entries p,_; = 1 and
p; = 0,Vk # m—1. Under Assumptions 7.1 - 7.3 and with n = O(1/L)
as well as m = O(k?), linear convergence is guaranteed at complexity
of O((n+ x?)In1). When both Assumptions 7.1 and 7.4 hold, setting
n = O(1/L) and m = O(k) results in linear convergence along with a

reduced complexity of order O((n+ £)Inl).

U-Avg (for both SVRG and SARAH) is usually employed as a “proof-
trick” to carry out convergence analysis, while L-Avg is implemented most
of the times. However, we will argue in the next section that with U-Avg
adapted to the step size choice, it is possible to improve empirical perfor-
mance. Although U-Avg appears at first glance to waste updates, a simple
trick in the implementation can fix this issue.

Implementation of Averaging. Rather than updating m times and
then choosing x* according to Line 10 of SVRG or SARAH, one can gener-
ate a random integer M*® € {0,1,...,m} according to the averaging weight
vector p°. Having available x3,., it is possible to start the next outer loop

immediately.

7.2  Weighted Averaging for SVRG and SARAH

This section introduces weighted averaging for SVRG and SARAH which
serves as an intermediate step for the ultimate tune-free variance reduction.
Such an averaging for SVRG will considerably tighten its analytical conver-
gence rate, while for SARAH it will improve its convergence rate when m or n
is chosen sufficiently large. These analytical results are obtained by reexam-
ining SVRG and SARAH through the estimate sequence (ES), a tool that has
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been used for analyzing momentum schemes [125]; see also [239, 240, 236].
Different from existing ES analysis that relies heavily on the unbiasedness of
v}, our advances here will endow ES with the ability to deal with the biased
gradient estimate of SARAH.

7.2.1 Estimate Sequence

Since in this section we will focus on a specific inner loop indexed by s, the
superscript s is dropped for brevity. For example, x; and v} are written as
X and vy, respectively.

Associated with the ERM objective f and a particular point xq, consider
a series of quadratic functions {®y(x)}7%, that comprise what is termed ES,

with the first one given by

o (x) = @5 + - lIx — xol%, (7.2a)
and the rest defined recursively as
Dp(x) =(1 = 0) Pr—1(x) + G [f(XIH) + Vi1, X — Xp1) + gHX - Xk71||2] :

where vi_; is the gradient estimate in SVRG or SARAH while ®, 1, and
0 are some constants to be specified later. The design is similar to that of
[236], but the ES here is constructed per inner loop. In addition, here we
will overcome the challenge of analyzing SARAH’s biased gradient estimate
V.

Upon defining @} := miny ®(x), the key properties of the sequence

{®r(x)}1-, are collected in the next lemma.

Lemma 7.2. For {®y(x)}}, as in (7.2), it holds that: i) Po(x) is fio-
strongly conver, and O (xX) is pg-strongly conver with py = (1—08k) thg—1+0kpt;
ii) Xj, minimizes P (x) if Op = nug; and i) PF = (1 —9) P + Op f(Xp—1) —
B v |2

Lemma 7.2 holds for both SVRG and SARAH. To better understand the
role of ES, it is instructive to use an example.
Example. With ®f = f(xo), po = p, and 6 = pgn for SVRG, it holds that
iy = i, Vk, and 6, = un,Vk. If for convenience we let § := un, we show in
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Section 7.5.2 that
E[0,(x)] < (1 - 8)*[®o(x) — /(x')] + F(x). (73)

As k — oo, one has (1—6§)* — 0, and hence ®;(x) approaches in expectation
a lower bound of f(x).
Now, we are ready to view SVRG and SARAH through the lens of

{®r(x)}1-, to obtain new averaging schemes.

7.2.2 Weighted Averaging for SVRG

The new averaging vector p* for SVRG together with the improved conver-

gence rate is summarized in the following theorem.

Theorem 7.1. (SVRG with W-Awvg.) Under Assumptions 7.1 — 7.3,
construct the ES as in (7.2) with ug = p, 6 = ugn, and @ = f(x¢). Choose
n < 1/(4L), and m large enough such that

1 11— m o 2uln?(1 — m-1 2L
\STRG . _ (L= pm)™ | 2pLy”(L— )™ 2Ly | _
1—(1—pn)m™1t] 1-2nL 1—2Ln 1—2Ln

Let py = p3, =0, and p; = (1 — un)™*1/q for k = 1,2,...,m — 1, where
q = [1— (1 —un)™/(un). It then holds for SVRG with this weighted
averaging (W-Avg) that

E[f(x°) — f(x")] S MFE[f(x*7) — f(x)].

Comparing the W-Avg in Theorem 7.1 against U-Avg and L-Avg, we saw
in Section 7.1.2, the upshot of W-Avg is a much tighter convergence rate.
When choosing n = O(1/L), the dominating terms of the convergence rate
for W-Avg are O((11—_12/Z7)7m + ﬁgzn), and O(m(lfQLn) + lzgzn) for U-Avg [128].
Clearly, the factor (1 — 1/k)™ in W-Avg can be much smaller than x/m in

U-Avg; see Figure 7.1(a) for comparison of convergence rates of different
averaging types. Since convergence of SVRG with L-Avg requires 1 and
m to be chosen differently from those in U-Avg and W-Avg, L-Avg is not
plotted in Figure 7.1(a).

Next, we assess the complexity of SVRG with W-Avg.
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Figure 7.1: A comparison of the analytical convergence rate for SVRG and
SARAH. In both figures we set x = 10° with L = 1, u = 107>, and the step
sizes are selected as: (a) SVRG with n = 0.1/L; and (b) SARAH with
n=0.5/L.

Corollary 7.1. Choosing m = O(k) and other parameters as in Theorem
7.1, the complexity of SVRG with W-Avg to find X° satisfying E[f(f(s) —
f(x")] <eisO((n+k)Inl).

Note that similar to U-Avg, W-Avg incurs lower complexity compared
with L-Avg.

7.2.3 Weighted Averaging for SARAH

SARAH is challenging to analyze due to the bias present in the estimate
v, which makes the ES-based treatment of SARAH fundamentally different
from that of SVRG. To see this, it is useful to start with the following lemma.

Lemma 7.3. For any deterministic X, it holds in SARAH that

E[(vi — Vf(xx),x — xp)]

= 23 E[lIve = VAP + v 2 = IV £ (eI

=0

Lemma 7.3 reveals the main difference in the ES-based argument for
SARAH, namely that E[(v; — V f(xx),x — x)] # 0, while the same inner
product for SVRG equals to 0 in expectation. Reflecting back to (7.3), the

consequence of having a non-zero E[(vy — V f(xz), x — x;)] is that E[®(x)]
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is not necessarily approaching a lower bound of f(x) as k& — oo; thus,
E[®k(x)] < (1-0)"[@o(x) — f(x)] + f(x) +C, (7.4)

where C' is a non-zero term that is not present in (7.3) when applied to
SVRG; see detailed derivations in Section 7.5.2.
Interestingly, upon capitalizing on the properties of v, the ensuing theo-

rem establishes linear convergence for SARAH with a proper W-Avg vector

S

P

Theorem 7.2. (SARAH with W-Avg.) Under Assumptions 7.1 and 7.4,
define the ES as in (7.2) with py = p, o = un, vk, and O = f(xo). With
d := un, select n < 1/L and m large enough, so that

SARAH .__ oym 2nL\™| L+p
\SARAH [(1 5) (1 ) :

14k (L—p)
(1-0)™ nL(m—1) 2-2nL1+k -
co c¢(2—nL) 2—nL 2enL ’

where ¢ = m—%+(1_;)m. Setting pr, = (1—(1=0)""*1) /e,Vk =0,1,...,m—

2, and ppm—1 = pm = 0, SARAH with this W-Avg satisfy

E[IVFE)IF] < X¥E[IVFEHI].

The expression of \SARA

is complicated because we want the upper bound
of the convergence rate to be as tight as possible. To demonstrate this with
an example, choosing n = 1/(2L) and m = 5k, we have A\ ~ (.8. Figure
7.1(b) compares SARAH with W-Avg versus SARAH with U-Avg and L-
Avg. The advantage of W-Avg is more pronounced as m is chosen larger.
As far as complexity of SARAH with W-Avg, it is comparable with that

of L-Avg or U-Avg, as asserted next.

Corollary 7.2. Choosing m = O(k) and other parameters as in Theorem
7.2, the complexity of SARAH with W-Auvg to find X° satisfying
E[|Vf(x)|?] <€, is O((n+r)Inl).

A few remarks are now in order on our analytical findings: i) most existing
ES-based proofs use E[f(x®) — f(x*)] as optimality metric, while Theorem
7.2 and Corollary 7.2 rely on E[||V f(x#)]|?]; ii) the analysis method still holds
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Figure 7.2: SARAH’s analytical convergence with different averaging
options (k= 105, L = 1, u = 1072, and fixed m = 10x).

when Assumption 7.4 is weakened to Assumption 7.3, at the price of having
worse r-dependence of the complexity, that is, O((n + %) In 1), which is of

the same order as L-Avg under Assumptions 7.1 — 7.3 [136].

7.2.4 Averaging Is More Than A “Proof Trick”

Existing forms of averaging such as U-Avg and W-Avg are typically consid-
ered “proof tricks” for simplifying the theoretical analysis [128, 132, 136].
In this section, we contend that averaging can distinctly affect performance
and should be adapted to other parameters. We will take SARAH with
n=O(1/L) and m = O(k) as an example, rather than SVRG since such pa-
rameter choices guarantee convergence regardless of the averaging employed.
For SVRG with L-Avg on the other hand, the step size has to be chosen
differently with W-Avg or U-Avg.

We will first look at the convergence rate of SARAH across different aver-
aging options. Fixing m = O(k) and changing 7, the theoretical convergence
rate is plotted in Figure 7.2. It is observed that with smaller step sizes, L-
Avg enjoys faster convergence, while larger step sizes tend to favor W-Avg
and U-Avg instead.

Next, we will demonstrate empirically that the type of averaging indeed
matters. Consider binary classification using the regularized logistic loss
function

£ = =3 1+ exp(—bia,x)] + (75

i€[n]
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Figure 7.3: Comparing SARAH with different types of averaging on dataset
w7a (p = 0.005 and m = 5k in all experiments).

where (a;,b;) is the (feature, label) pair of datum 4. Clearly, (7.5) is an
instance of the cost in (1.3) with fi(x) = In [1 + exp(—b;(a;,x))] + &|x[|*
it can be readily verified that Assumptions 7.1 and 7.4 are satisfied in this
case.

SARAH with L-Avg, U-Avg, and W-Avg are tested with fixed (moderate)
m = O(k) but different step size choices on the dataset w7a; see also Section
7.8.1 for additional experiments with datasets a9a and diabetes. Figure 7.3(a)
shows that for a large step size n = 0.9/L, W-Avg outperforms U-Avg as
well as L-Avg by almost two orders at the 30th sample pass. For a medium
step size n = 0.6/L, W-Avg and L-Avg perform comparably, while both are
outperformed by U-Avg. When 7 is chosen small, L-Avg is clearly the winner.
In short, the performance of averaging options varies with the step sizes. This
is intuitively reasonable because the MSE of vy: i) scales with n (cf. Lemma
7.1), and ii) tends to increase with k as E[||vy||?] decreases linearly (see
Lemma 7.5 in Section 7.6.2 and the MSE bound in Lemma 7.1). As a result,
when both 1 and k are large, the MSE of v, tends to be large too. Iterates

with gradient estimates having high MSE can jeopardize the convergence.
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This explains the inferior performance of L-Avg in Figure 7.3(a) and 7.3(b).
On the other hand, when 7 is chosen small, the MSE tends to be small as
well; hence, working with L-Avg does not compromise convergence, while in
expectation W-Avg and U-Avg compute full gradient more frequently than
L-Avg. These two reasons explain the improved performance of L-Avg in
Figure 7.3(c).

When we fix 7 and change m, as depicted in Figure 7.1(b), the analytical
convergence rate of W-Avg improves over that of U-Avg and L-Avg when m
is large. This is because the MSE of v, increases with k. W-Avg and U-Avg
ensure better performance through “early ending”, by reducing the number
of updates that utilize v with large MSE.

In sum, the choice of averaging scheme should be adapted with n and m to
optimize performance. For example, the proposed W-Avg for SARAH favors
the regime where either 1 or m is chosen large, as dictated by the convergence

rates and corroborated by numerical experiments.

7.3 Tune-Free Variance Reduction

This section copes with variance reduction without tuning. In particular, i)
BB step size, ii) averaging schemes, and iii) a time varying inner loop length

are adopted for the best empirical performance.

7.3.1 Recap of BB Step Sizes

Aiming to develop “tune-free” SVRG and SARAH, we will first adopt the
BB scheme to obtain suitable step sizes automatically. In a nutshell, BB
monitors progress of previous outer loops and chooses the step size of outer

loop s accordingly via

: i

1
T T V) - V)

(7.6)

where 0, is a k-dependent parameter to be specified later. Note that V f(x*71)
and V f(x°?) are computed at the outer loops s and s—1, respectively; hence,
the implementation overhead of BB step sizes only includes almost negligible

memory to store x* 2 and V f(x°7?).
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Figure 7.4: (a) Performance of BB-SVRG under different choices of m. (b)
Performance of BB-SARAH with different averaging schemes. Both
experiments use dataset a9a with k = 1, 388.

BB step sizes for SVRG with L-Avg have relied on 0, = m = O(x?). Such
a choice of parameters offers provable convergence at complexity O((n +
k%) ln%), but has not been effective in our simulations for two reasons: i)
step size n® depends on m, which means that tuning is still required for step
sizes, and ii) the optimal m of O(k) with best empirical performance signifi-
cantly deviates from the theoretically suggested O(x?); see also Figure 7.4(a).
Other BB-based variance reduction methods introduce extra parameters to
be tuned in additional to m. This prompts us to design more practical BB
methods; how to choose m with minimal tuning is also of major practical

value.

7.3.2 Averaging for BB Step Sizes

We start with a fixed choice of m to theoretically investigate different types
of averaging for the BB step sizes. The final “tune-free” implementation of
SVRG and SARAH will rely on the analysis of this section.

Proposition 7.1. (BB-SVRG) Under Assumptions 7.1 — 7.3, if we choose
m = O(k?) and 0, = O(k) (but with 0, > 4k ), then BB-SVRG with U-Avg
and W-Avg can find x* with B[ f(x*) — f(x*)] < € using O((n+x*)Inl) IFO

calls.

Similar to BB-SVRG, the ensuing result asserts that for BB-SARAH, W-
Avg, U-Avg, and L-Avg have identical order of complexity.
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Proposition 7.2. (BB-SARAH) Under Assumptions 7.1 and 7.4, if we
choose m = O(x?*) and 0, = O(k), then BB-SARAH finds a solution with
E[IVf(x*)|?] < € using O((n + &?)Int) IFO calls, when one of these con-
ditions holds: i) either U-Avg with 0., > k; or ii) L-Avg with 6,, > 3/2k; or,
iii) W-Avg with 6,, > k.

The price paid for having automatically tuned step sizes is a worse depen-
dence of the complexity on k, compared with the bounds in Corollaries 7.1
and 7.2. The cause of the worse dependence on k is that one has to choose
a large m at the order of O(x?). However, such an automatic tuning of the
step size comes almost as a “free lunch” when problem (1.3) is well condi-
tioned, or in the big data regime, e.g., K? ~ n or K? < n, since the dominant
term in complexity is O(nIn 1) for both SVRG and BB-SVRG. On the other
hand, it is prudent to stress that with x? > n, the BB step sizes slow down
convergence.

Given the same order of complexity, the empirical performance of BB-
SARAH with different averaging types is showcased in Figure 7.4(b) with
the parameters chosen as in Proposition 7.2. It is observed that W-Avg
converges most rapidly, while U-Avg outperforms L-Avg. This confirms our
theoretical insight, that is, W-Avg and U-Avg are more suitable when m is

chosen large enough.

7.3.3 Tune-Free Variance Reduction

Next, the ultimate format of the almost tune-free variance reduction is pre-

sented using SARAH as an example. We will discuss how to choose the

iteration number of inner loops and averaging schemes for BB step sizes.
Adaptive inner loop length. It is observed that the BB step size can

change over a wide range of values (see Section 7.7 for derivations),

1 1
<n’ <
0,.L 0,1t

. (7.7)

Given 0, = O(k), n° can vary from O(u/L?) to O(1/L). Such a wide range
of n* blocks the possibility to find a single m suitable for both small and large
n® at the same time. From a theoretical perspective, choosing m = O(k?)

in both Propositions 7.1 and 7.2 is mainly for coping with the small step
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sizes n° = O(1/(L6,)). But such a choice is too pessimistic for large ones
n® = O(1/(uby)). In fact, choosing m = O(k) for n* = O(1/L) is good
enough, as suggested by Corollaries 7.1 and 7.2. These observations motivate
us to design an m® that changes dynamically per outer loop s.

Reflecting on the convergence of SARAH, it is sufficient to set the inner
loop length m® according to the n® used. To highlight the rationale behind
our choice of m?®, let us consider BB-SARAH with U-Avg as an example

that features convergence rate \* = ;mslms + 22776 7 [132]. Set 0, > & as in
Proposition 7.2 so that the second term of \* is always less than 1. With a
large step size n° = O(1/L), and by simply choosing m* = O(l/(uns)), one
can ensure a convergent iteration having e.g., A* < 1. With a small step size
n* = O(1/(xkL)) though, choosing m* = O(1/(un*)) also leads to A* < 1.
These considerations prompt us to adopt a time-varying inner loop length
adjusted by n® in (7.6) as

m’ = . (7.8)

Such choices of n° and m® at first glance do not lead to a tune-free algorithm
directly because one has to find an optimal 6, and ¢ through tuning. Fortu-
nately, there are simple choices for both ¢ and 6,.. In Propositions 7.1 and
7.2, the smallest selected 6, for SVRG and SARAH with different types of
averaging turns out to be a reliable choice, while choosing ¢ = 1 has been
good enough throughout our numerical experiments. Although the selection
of these parameters violates slightly the theoretical guarantee, its merits lie
in the simplicity. And in our experiments, no divergence has been observed
by these parameter selections.

Averaging schemes. As discussed in Section 7.2.4, W-Avg gains in
performance when either m® or n® is large. Since m® and n® are inversely
proportional (cf. (7.8)), it is clear that one of the two suffices to be large,
and for this reason, we will rely on W-Avg for BB-SARAH.

Extensions regarding almost tune-free variance reduction for (non)convex

problems can be found in our technical note [241].
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Figure 7.5: experiments of BB-SVRG and BB-SARAH on different datasets.

7.4 Numerical Experiments

To assess performance, the proposed tune-free BB-SVRG and BB-SARAH
are applied to binary classification via regularized logistic regression (cf.
(7.5)) using the datasets a9a, rcvl.binary, and real-sim from LIBSVM?Z. De-
tails regarding the datasets, the p values used, and implementation details
are deferred to Section 7.8.2.

For comparison, the selected benchmarks are SGD, SVRG with U-Avg,
and SARAH with U-Avg. The step size for SGD is n = 0.05/(L(n. + 1))
where n, is the index of epochs. For SVRG and SARAH, we fix m = 5k
and tune for the best step sizes. For BB-SVRG, we choose n° and m® as
(7.8) with 6, = 4k (as in Proposition 7.1) and ¢ = 1. We choose 0,, = k (as
in Proposition 7.2) and ¢ = 1 for BB-SARAH. W-Avg is adopted for both
BB-SVRG and BB-SARAH.

The results are showcased in Figure 7.5. We also tested BB-SVRG with
parameters chosen as [140, Theorem 3.8]. However it only slightly outper-

forms SGD and hence is not plotted here (see the blue line in Figure 7.4(a)

2Online  available at  https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/
datasets/binary.html.
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as a reference). On dataset a9a, BB-SARAH outperforms tuned SARAH.
BB-SVRG is worse than SVRG initially but has similar performance around
the 40th sample pass on the x-axis. On dataset rcvl however, BB-SARAH,
BB-SVRG and SARAH have similar performance, improving over SVRG.
On dataset real-sim, BB-SARAH performs almost identical to SARAH. BB-
SVRG exhibits comparable performance with SVRG.

7.5 Properties of ES

7.5.1 Proof of Lemma 7.2

i) By definition, ®¢(x) is pg-strongly convex, and by checking Hessian one
can find that ®;(x) is ug-strongly convex with px = (1 — 0 ) ptr—_1 + Oxp.
ii) Clearly, x¢ minimizes ®y(x), and ®x(x) is quadratic. Arguing by induc-

tion, suppose that x;_; minimizes ®;_;(x), to obtain

Qpi(x) =P, + Mk; [x = xpa]® = VOu_1(x) = pp_1(x — X4_1).

By definition of ®,(x), we also have

V(I)k(X) = (1 — 5k)V<I>k_1(x) -+ 5ka_1 + /L5k<X — Xk—l)
= (1 — 5k)uk_1(x - Xk—l) + 5ka_1 + ,uék(x - Xk:—l)- (79)

Using pur = (1 — 0g)px—1 + dpp and setting VP (x) = 0, we find that xg
minimizes ®x(x) when & = npy.

iii) Since Xj_; minimizes ®5_;(x), using the definition of ®;(x) we can write
(I)k(kal) = (1 - (Sk)q)z_l + 5kf(xk71)' (710)

On the other hand, we also have ®j(xj_1) = ®j+ 55 ||x)—1 —x[|>. Comparing
this with (7.10) and using that x; = x;_1 — nvg_1, completes the proof of
this property.
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7.5.2  Derivations of (7.3) and (7.4)

To verify (7.3), proceed as follows

E[®4(x)] = (1 — O)E[®)_y (x)]

OB | £050) + (s x = 3] + k= xaa

= (1 - O)E[®4_s(x)]

OB Fot) + (Y (ximr). x — x6) + Exc - xk_1||2]

< (1 - 6E[®r_1(x)] +6f(x)
< (1= 0)*[@g(x) — f(x)] + f(x)
< (1= 0)* [@o(x) — f(x")] + (x). (7.11)

And in order to derive (7.4), follow the next steps
E[®)(x)] = (1 — 6)E[Ps_1(x)]
+ 0B | f(Xg-1) + (Vi-1,X — Xp-1) + gHX — Xp1 |

— OE[@p_1(x)] +0f(x) + SE[(ve_1 — Vf(Xk-1),X — Xp_1)]
(1= 0)"[@o(x) — f(x)] + f(x)

+d) (1-— 5)TE[(vk,1,T —Vf(xp-1-1),x — xk,l,Tﬂ )

~
:=C; C#0, an extra term compared with SVRG

7.5.3 A Key Lemma

The next lemma plays a major role in our analysis.

Lemma 7.4. If we choose py = p, 0 = pgn, and O = f(x0) in the ES
defined in (7.2), we then find that: 1) pux = p,Vk; i) 6 := o = pn; and iii)
the following inequality holds

k—1

0 (=0T f(xr) = F(x)] + (1= 6)F 7 [f(x0) — f(x7)]

=1
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< (1= 8) [Bo(x") = SN + 55 D1 = 8 v ?
+6Y (1=0)"7¢,

where Cp—1 = (Vi—1 — V f(Xp—1), X" — X3_1).
Proof. Since i) and ii) are straightforward to verify, we will prove iii). Using
property iii) in Lemma 7.2, we find
pn”?
J(xe) = @ = f(x) = (1= )@y = 0 f (xi1) + = [[Vaea |
pn’?
= f(xi) = Ppy + 0k (Phy — f(xkm1)) + T||Vk—1||2
= f(xx) — f(xp-1) + f(xp1) — Pfy
2
0 (s — f ) + E5 v P

= (1= 6) [f (xk—1) — P54y ] + &, (7.12)

where & is defined as

2
& 1= Foxk) = S (xi1) + P Vi

Upon expanding f(xx—1) — ®5_; in (7.12), we have
fxx) = @4 = (1= 0) [f(xp-1) — Pfy] + &

= [f[u = 5] [ x0) — @) + i&[ IIa- 5], (7.13)

Jj=7+1

from which we deduce that

CI)Z S CI)k<X*) = (1 — 5k)q)k—1(x*)

+ 0k | f(xp—1) + (Vi—1, X" — Xp—1) + gHX* - Xk:—1||2:|

91— 5P (x7)

#01| fo) {9 xaca) X" =)+ 5 =l 4 G
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(_2(1—50‘1% 1(X*) + 0 f(X) + kG

< [TT0- oo + 30016 L 1-5.)

=1 J=1+1

+Z§g [H - -)], (7.14)

j=7+1

where in (a) the (j_; is defined as

Coe1 = (Vie1 — Vf(Xp1), X" — Xpm1);

and (b) follows from the strongly convexity of f. Then, using (7.13), we have

Fo) = () = @ = )+ | T = 67)| 1 (x0) = @)

k

+[THl<1—5T>} +Z¢>[ [T a-6].

Jj=7+1

where (c) is due to (7.14). Choosing pp = p (hence puy = p, o = pn := 0, k)

and ®f = f(xg), we arrive at

Fox) = () < (1= 0 [@o(x") = FG)] + D2 (1= )7 (& +dGra).
- (7.15)
Now consider that
>0 =) e = 3= 8T Flxe) = S (1) + - vea ]

=1 =1
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E

-1 -1

= fla) + ) (=0 flx) = > (1=0)"""1f(x)

1 1

k
— (1=0)"""f(xo Z 0) T Vralf?

N

T

3
Il

= —62 OV T (%) + fxk) — (1= 6)F" (o)

+ % (1= 8)5 7w (7.16)

T=1

Because § ¥ 1(1—8)F 714 (1—8)*1 = 1, we can write f(x*) = [0 S FZ1(1—
§)F=71 4+ (1 — 0)F1] f(x*). Using the latter, plugging (7.16) into (7.15), and

eliminating f(xy), we obtain

k-1

5;(1 — )T F(%,) — F(X)] + (1= 0 [f(x0) — f(x7)]
< (1= 5 [oulx) - Fx)] + 1 Z 3V ve P
+ 52 T, (7.17)
which completes the proof. O

7.6 Proofs for SVRG and SARAH

7.6.1 Proof for SVRG

Proof of Theorem 7.1

Proof. Since the choices of pg, ®F, and 0 coincide with those in Lemma 7.4,

we can directly apply Lemma 7.4 to find
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< (1= 8) [Bo(x") = SN + 55 D1 = 8 v ?
+5Z ¢, (7.18)

where (x—1 = (Vg1 — Vf(Xk-1),x" — x;_1). Upon defining the o-algebra
Fr—1 = o(ig,i1,...,1k_1), and using that v, is an unbiased estimate of
V f(x4), it follows readily that

E[Ck|fk—1] = E[Vk - Vf(Xk),X* — Xk>|fk_1} = 0,
which further implies
E[¢k] = 0. (7.19)

Now taking expectation on both sides of (7.18) and using (7.19), we have

k—1

0> (=0 TE[f(x.) = Fx)] + (1= )" 'E[f(x0) = f(x*)]  (7.20)
< (1= 0/ E[@c) — 1)) + P25 31 = 0 B[ v, ]

2a —6)’@1@[@ () - £

N2

+2uL7722 6 TR () — F(x) + f(x0) — f(x7)]

b

<(1- 5)’“E[@ ( ") = f(x")]

—
=

+2uLnZ B ) — S0)] + LELE S xo) - 0],

where in (a) we used Lemma 7.1 to E[||v,_1||?], and (b) holds because
ST (1 —6)F 71 < 1/4. Note that we can use ®g(x*) = f(x0) + &|xo —x*||?
together with (1 — §)*1 > (1 — §)*, to eliminate (1 — §)*'E[f(xq) — f(x*)]
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on the LHS of (7.20). Rearranging the terms, we arrive at

e

-1

(6 —2uLn?) ) (1=8) TE[f(x;) - f(x7)]

1

(1= 6)*E[[lxo — x[*] + 2pLn*(1 — 6)*"E[ f(x0) — f(x")]

2"5“7 E[(x) = /()]
2uLn?

< |- o+ 2unpa - oyt 4 2L ) - £, (720

3
Il

l\DIt

where the last inequality is due to §||jx —x*|| < f(x) — f(x*). Now choosing
n < 1/2L so that § — 2uLn? > 0, we have

k—1
0) TR f(xr) = f(x")]
] (1=0)" | 2ulp*(1—0)*! 2uLn? .

With pg = p, = 0, and p, = (1 — )™ /g k = 1,2,...,m — 1, where
qg=1[1—(1-=0)™m"1/§ (with § = un), we find

EE) - fa)] = 3 S e ) — £

=1 q
1 (1=0)"™  2uLn*(1—o)m™! 2uLn?
=3 [5(— QM;WQ - 5n—(2uL77)2 5(8 —Mzzsz)] E[f(x*71) — f(x")]
_ ! {(1 — )™ 2pLn*(L—pp)" 2Ly }
1—(1—pm)m" [ 1—2nL 1— 2Ly 1— 2Ly
xE[f(x) = f(x7)]. (7.22)

Thus, so long as we choose a large enough m and n < 1/(4L), we have
ASVRG < 1, that is, SVRG converges linearly. O

Proof of Corollary 7.1

Proof. Choose n =1/(8L) and m = % +1 =24k +1 > 25. We have that

(L= )i <04 = (1— )™ < (0.4)°
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(Actually (1 — un)ﬁ ~ 1/e when pn is small enough). Using the value of 7
and m, it can be verified that A" < 0.5. This implies that O(Inl) outer
loops are needed for an e-accurate solution. And since m = O(k), the overall
complexity is O((n+ x)In ). O

7.6.2 Proofs for SARAH
Proof of Lemma 7.3

Proof. Let Fj,_1 = o(iy,i9,...,1,_1), then for any x we have

E[(vi — Vf(xx),x — Xz} | Fi1]
= Evaik (xx) — V fi (Xp—1) + Viee1 — Vf(xp), x— Xk:>’~7:k—1]

(
—<Vk71—vf(Xk 1) X — Xp—1 + Xp— 1—Xk>
= (Vi1 — Vf(xp-1), X = Xp1) + (Vi1 — VI (Xk-1), Vi)
= (Vi1 — Vf(Xp—1), X — Xp1)

+ g Vit |l + Ivier = V() IIP = [V f (x|

where the last equation is because 2(a, b) = ||a||* + ||b||* — |la — b||*>. Since
vo = Vf(x0), we have (vog — Vf(xg),x — xg) = 0. The proof is completed

after taking expectation and unrolling (vy_1 — V f(Xp_1),X — Xj_1)- O

In order to prove Theorem 7.2, we need to borrow the following result from
132)].

Lemma 7.5. [132, Theorem 1b] If Assumptions 7.1 and 7.4 hold, with n <
2/(n+ L), SARAH guarantees

Eflvil?] < (1—%) E[IV (o) 7]

1+
Proof of Theorem 7.2.

Proof. With the choices of pp, ®f and J;, as in Lemma 7.4, we can directly
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apply Lemma 7.4 to confirm that

(1= 06)""[f(x0) ] + 52 OF T (%) = f(x7)]
< (1= 6)F [@p(x") — 2 z; ) Tl ?
+ iau — )" (Ve = Vf(%r21), X" — %,1)
— (1= 6)F[®p(x") — f(x)] + “7”2 g(l — ) T [[vf?
+ 25(1 — )T (v, = VF(xr1), X — X, 1),

where the last equation holds because vy = V f(xq). Since ®o(x*) = f(xo) +
Llxo — X7 < flxo) + RV Fxo)|? and (1— 8" > (1 8)F, we can
eliminate (1 — §)*YE[f(x0) — f(x*)] on the LHS, to obtain the inequality

5371 = 6 o) — F)]
< 5> IV F o) + Z 557 v |
+Y 61— ) T (vl = Vi (%em1), X — X)),

Taking expectation on both sides, we arrive at

0< 52 OFTTE[f(x) — f(x7)] (7.23)
k e k
<! ;/f) E[||V f(xo “7; ) B[ ve—1f?]
k
+ 01— O TE[(Vroy — Vi (%r1), X" — X,1)]

140



= E[HVf(xO)H%%;(l—é)kTE[uleuz]

k—
A L )

5 2 &
< g 1w 6l %Zl 5B [[v, ]
k— T—1
g z 1=0) S Ev; = V) + I = V76|
—1 =0

where for the last inequality, we used Lemma 7.3. Changing the summation
order in the last term of the RHS of (7.23), yields

k— T—1
7’72 (1= 0y ST Elv = VAP + ] = 1976l
=1

= G L B[l - Ve ¢ 1S 32 -]
<7 0 E[HvT—Vf(xT)HQ]+E[IIVT||2})
SIS (1= (= )R] ). (7.29)

Now plugging (7.24) into (7.23), and rearranging the terms, we find

k—2
2> (1= (1= [V Ax)]
_5k n? F
< 12#) E[|V £ (x0)]%] “7; ) B[ vr-1l’]

-2 (Bliv. - 97001 + 1ol ).

Dividing both sides by 7/2 (and recalling that 6 = un), we arrive at

k— 2

§)E== 1) ["Vf(XT)HQ} (7.25)

T:0
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k

B[V f(xo)[”] + 6> (1 =0 "E[[|v,_1]]

T=1

+z( [Iv> = V) +E[IIVTH2J)

< B[V £ (x0) ] +5;1 0) TE[||ve-all’]
P Vg1 o) + 52 3 Bl

T

b _ S\k
® (1-9)

E[IVfxo)lI?]+6 Y (1=0)" "R [|[v,ll’]

nL(k— 1) . 2— 277L1+/<;
9 ) 1]+ 5 5 BV S0

© (1—9)k ) 2nL L+p 5
< E[Hw(xo)n}+[(1—5)k—(1— )} IE[HVf( 0)II°]

1+ K L —
nL(k —1) 2-2nL1+k
2—nL

2—nL 2Ln

E[|IVf(x0)lI*] + E[[IVf(xo)lI*],

where in (a) we applied Lemma 7.1 to deal with E[|V f(x;,) — v, ||?]; in (b) we
chose n < 1/L and used Lemma 7.5 to handle E[||v,||?] in the last term; and
the derivation of (¢) is as follows. First, notice that 2nL/(1 + k) > un =4,
which implies that 1 — ¢ > 1 — [2nL/(1 + «)]. Then, leveraging Lemma 7.5,

we have

0> (L=0)TE[[lv,a]?] <6 (1 6)’”(1 - ﬂ—i) _ E[|IV f(x0)]?]

- [a-or - (1= 2 e e,

To proceed, define

-2

3

. m-r-1y _ (1-0)-(1-9)
ci= T§:Oj(1—(1—5) ) =(m—1)— -
B I (1=9m
—m—g—i— 5 )

and select m large enough so that ¢ > 0. Upon setting p, = (1 — (1 —
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S)mF Y /e, Yk =0,1,...,m — 2, and p,,_1 = pp, = 0, we have

BV 6] = 23 (1 - (1 - ) E[IV £ ) P
277L m L+M
_{ cpn (1 o 1—|—I<,> )C(L_M)J
nL(m ) 2— 277[/1—1—/1 -
(2 77L) 2—nL zan] IV FEHIP].
_:)\SARAH

Selecting n < 1/L and m large enough to let A3*#*% < 1 establishes SARAH’s
linear convergence. For example, choosing n = 1/(2L) and m = 5k, we have
ASARAH ~ ().8. [

Proof of Corollary 7.2

Proof. 1f we choose n = 1/(2L) and m = 6k = 3/(un), we have 6 = 1/(2k)
and ¢ > 4k, which implies that

(1—pm)ir < 0.4

(actually (1 — /m)fln ~ 1/e when pun small enough). Using the value of 5
and m, it can be verified that AS"* < 0.75. This implies that O(In1) outer
loops are needed for an e-accurate solution. Since m = O(k), the overall

complexity is O((n+ £)Inl). O

7.7 Proofs for BB-SVRG and BB-SARAH

Derivation of (7.7): It is clear that

s _ % %

1
= Z<>~(s—1 — %52, Vf(is—l) _ Vf<}~(s—2)> - Q_H'u”f(s—l _ 5(5—2||2 - 9»;#7

is—2H2 }28_2”2 B 1

where the inequality follows since under Assumption 7.3 (or 7.4) (V f(x) —
Vily),x —y) > ullx —y||* [125, Theorem 2.1.9]. On the other hand, we
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have

1 His—l _ 5(5_2”2 1

n’ > . . . . > ,
On ||%571 —x572[|[|[V f(x51) = Vf(x2)|| ~ 0L

where the first inequality follows from the Cauchy-Schwarz inequality, and

the second inequality is due to Assumption 7.1.

7.7.1 Proof for Proposition 7.1

For BB-SVRG, the step size n°® changes across different inner loops. Since n*
influences convergence, we will use A* to denote the convergence rate of the
inner loop s, that is, E[f(x*) — f(x*)] < M¥E[f(x*71) — f(x*)].

BB-SVRG with U-Avg:

Proof. From [128], we have the convergence rate is

5 1 2n°L () K0, 2k /0,
X = + < + ,
pn*(1—=2n*L)ym 1 —=2n°L — m(1—2k/0,) 1—2k/6,

where (a) is due to (7.7). Hence, by choosing 6, > 4k with 0, = O(k)
and m = O(k?) such that A* < 1, and using similar arguments as in the

proof of Corollary 7.1, one can readily verify that the complexity is (’)((n +
k%) Ind). O

BB-SVRG with W-Avg:

Proof. 1t follows from Theorem 7.1 and (7.7) that the convergence rate sat-

isfies
o — 1 (L= p)™ 2uL(*)*(1 — pp)™" ' 2Ly°
1—(1—=pnps)m=1| 1-2n°L 1—2Lns 1—2Ln*
m 2K m—1
- 1 (1 - ) L 0P (1 - ) L 26/
T 1- (1_%)’"_1 1—2k/6, 1—2k/6, 1—2k/6,]

where the inequality is due to (7.7). Hence, by choosing 6, > 4k with
0. = O(k) and m = O(k?) so that \* < 1, and using similar arguments
as in the proof of Corollary 7.1, one can establish that the complexity is
O((n+x%)In?). O
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7.7.2 Proof for Proposition 7.2

Also for BB-SARAH, the step size n° changes across different inner loops.
Since here too n® affects convergence, we will use A\* to denote the convergence
rate of the inner loop s; that is, E[|| f(x*)|]*] < ME[||f(x*~1)|]*].
BB-SARAH with U-Avg:

Proof. We have from [132] that the convergence rate is

1 n°L (2) KO, k[0,

A = e
,unsm+2—7]5L ~—m +2—/€/8,{’

where (a) is due to (7.7). Hence, by choosing 6, > « with 6, = O(k) and
m = O(k?) so that \* < 1, and using arguments similar to those in the proof
of Corollary 7.2, one can establish that the complexity is O((n++*)Inl). O

BB-SARAH with L-Avg:

Proof. Since the derivation in [136] relies on Assumption 7.3, we will first
establish the convergence rate under Assumption 7.4. The proof proceeds
along the lines of [136], except for the use of Lemma 7.5 to bound E[||v{][]>.

After a simple derivation, one can have the convergence rate

2n°L 2n°L\™
A= 204+n°L)( 1 — .
2—n°L 2L+ )( 1+ li)

Then using (7.7) to upper bound A*, we have

2r/0, 2 "
N <—1 4+ 21 )1 ——— ] .
< g wyg, AT )( (1+n)eﬁ>
Hence, by choosing 6, > 3k/2 with 6, = O(k) and m = O(x?) so that \* < 1,
and using arguments similar to those in the proof of Corollary 7.2, one can
verify that the complexity is O((n + k%) In %) O

BB-SARAH with W-Avg:
Proof. From Theorem 7.2, the convergence rate is
1—pun*)™ 2n°L\™| L+
ye o A" (1_Ms>m_(1_ n ) 1
cumn? 14k c(L—p)

n°Lim—1) 2-2n°L 14k
c(2—nL) 2—nsL 2cnsL
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= c + (- lﬁ_e,{) (L — p)
(m—1)k/0, 2 (1+k)b,

c2—-r/0,) 2—-k/b. 2¢

where ¢ = m — & 4+ =)™ 5 0y 1S g kh), With 0, = O(k)
1 1 1

and m = O(x?) so that ¢ = O(k?), we find that A\* < 1. In addition, since

n® < 1/L is still needed to guarantee convergence (cf. Theorem 7.2), one

must have 0,, > k. O

7.8 More on Numerical Experiments

7.8.1 More Numerical Experiments of Section 7.2.4

This section presents additional numerical experiments to support that av-
eraging is not merely a “proof trick”. Specifically, experiments with SARAH
under different types of averaging on datasets a9a and diabetes are show-
cased in Figure 7.6. Similar to the performance of SARAH on dataset w7a,
W-Avg is better when the step size is chosen large, while a smaller step size

favors L-Avg.

7.8.2 Details of Datasets Used in Section 7.4

The dimension d, number of training data n, the weight used for regular-
ization, and other details of datasets used in Section 7.4 are listed in Table
7.1.

Table 7.1: Parameters of datasets used in numerical experiments

Dataset d n (train) | density | n (test) 1
a9a 122 3,185 | 11.37% | 29,376 | 0.001
rcvl 47,236 | 20,242 | 0.157% | 677,399 | 0.00025

real-sim | 20,958 | 50,617 | 0.24% | 21,692 | 0.00025
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Figure 7.6: Comparing SARAH with different types of averaging on
datasets a9a and diabetes. In all experiments, we set = 0.002 with
m = DK.
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CHAPTER 8

ENHANCING PARAMETER-FREE FRANK
WOLFE WITH AN EXTRA SUBPROBLEM

8.1 Preliminaries

Notation. In Chapter 8, bold lowercase (uppercase) letters denote vectors
(matrices); ||x]|| stands for a norm of x, with its dual norm written as ||z||.;
and (x,y) denotes the inner product of vectors x and y. We also define
x Ay = min{z,y}.

This section reviews FW and AFW in order to illustrate the proposed
algorithm in a principled manner. We first pinpoint the class of problems to

focus on.

Assumption 8.1. (Lipschitz Continuous Gradient.) The function f: X —
R has L-Lipchitz continuous gradients; that is, ||V f(x)=Vf(y)|« < L||x —
yl.Vx,y € X.

Assumption 8.2. (Convexr Objective Function.) The function f : X — R
is convex; that is, f(y) — f(x) > (Vf(x),y —x),Vx,y € X.

Assumption 8.3. (Constraint Set.) The constraint set X is conver and

compact with diameter D; that is, |x —y|| < D,Vx,y € X.

Assumptions 8.1 — 8.3 are standard for FW type algorithms and will be
taken to hold true throughout. A blackbox optimization paradigm is con-
sidered in this work, where the objective function and constraint set can be
accessed through oracles only. In particular, the first-order oracle (FO) and

the linear minimization oracle (LMO) are needed.

Definition 8.1. (FO.) The first-order oracle takes x € X as an input and
returns its gradient V f(x).

Definition 8.2. (LMO.) The linear minimization oracle takes a vector g €

R? as an input and returns a minimizer of minyc x(g,x).
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Algorithm 8.1: FW [147]

1: Initialize: xo € X

2: for k=0,1,...,K —1do
31 Vg1 = argming 4 (Vf(xy),x)
4: xpi1 = (1 — 0k)xp + OpVia1
5
6

: end for
: Return: xpx

Except for gradients, problem dependent parameters such as function value,
smoothness constant L, and constraint diameter D are not provided by FO
and LMO. Hence, algorithms relying only on FO and LMO are parameter-
free. Next, we recap FW and AFW with parameter-free step sizes to gain
more insights for the proposed algorithm.

FW recap. FW is summarized in Algorithm 8.1. A subproblem with a
linear loss, referred to also as an F'W step, is solved per iteration via LMO.
The FW step can be explained as finding a minimizer over X for the following

supporting hyperplane of f(x),

£ ) + (V. (x0), x = x). (8.1)

Note that (8.1) is also a lower bound for f(x) due to convexity. Upon ob-
taining vi,; by minimizing (8.1), over X', X311 is updated as a convex com-
bination of v;.; and x; to eliminate the projection. The parameter-free

step size is usually chosen as J; = As for convergence, FW guarantees

Foa) = f(x7) = O(HF).
AFW recap. As an FW variant, AFW in Algorithm 8.2 relies on Nesterov

momentum type update: that is, it uses an auxiliary variable y; to estimate

k+2

X1 and calculates the gradient V f(yy). If one writes g1 explicitly, vi g

can be equivalently described as a minimizer over X of the hyperplane

> up +(Vf(y-),x—yx)], (8.2)

7=0

where w] = ¢, HJ (1 —4;) and S, wi = 1 (the sum depends on the

choice of dy). Note that f(y,)+(Vf(y-),x—y,) is a supporting hyperplane

of f(x) at y,, hence (8.2) is a lower bound for f(x) constructed through

a weighted average of supporting hyperplanes at {y,}. AFW converges at
LD?

O(T) on general problems. When the constraint set is an active ¢, norm

149



Algorithm 8.2: AFW [163]
1: Initialize: xg € X, gp =0
: for k=0,1,..., K —1do
Vi = (1 — )Xk + Op Vi
grt1 = (1 —dx)gr + 0V f(yr)
Vies1 = Argmin e (g1, %)
X1 = (1 — 6p) Xk + 0k Vg1
7: end for
8: Return: xg

Algorithm 8.3: ExtraF'W

1: Initialize: xq, go = 0, and vy = X

2: for k=0,1,..., K —1do

3. yr = (1—08k)xk + 0 vy {prediction}
gr+1 = (1 —p)gr + 0V I(yr)
Vi1 = argming e y (81, v)
Xp+1 = (1 — 0)xp + 0 Vis1 {correction}
grt1 = (1 — )8k + 0V f(Xpy1)
8  Viy1 = argmingcy(8r+1,V) {extra FW step}
9: end for
10: Return: xj

ball, AFW has a faster rate O(LTD2 A %ﬁlr"“), where T" depends on D. Writ-
ing this rate compactly as O(%ﬁlnk), it is observed that AFW achieves ac-
celeration with the price of a worse dependence on other parameters hidden
in T. However, even for the k-dependence, AFW is O(In k) times slower com-
pared with other momentum based algorithms such as NAG. This slowdown
is because that the lower bound (8.2) is constructed based on {y} which are
estimated {xXj4+1}. We will show that relying on a lower bound constructed

using {xy41} directly, it is possible to avoid this O(In k) slowdown.

8.2 ExtraFW

This section introduces the main algorithm, ExtraF'W, and establishes its

constraint dependent faster rates.

8.2.1 Algorithm Design

ExtraFW is summarized in Algorithm 8.3. Different from the vanilla FW
and AFW, two FW steps (lines 5 and 8 of Algorithm 8.3) are required per
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iteration. Compared with other algorithms relying on two gradient evalua-
tions, such as Mirror-Prox [166, 167], ExtraFW reduces the computational
burden of the projection. In addition, as an FW variant, ExtraF'W can cap-
ture the properties such as sparsity or low rank promoted by the constraints
more effectively through the update than those projection based algorithms.
Detailed elaboration can be found in Section 8.3 and Section 8.7. To facilitate
comparison with FW and AFW, ExtraFW is explained through constructing
lower bounds of f(x) in a “prediction-correction” manner. The merits of the
PC update compared with AFW are: i) the elimination of maxyey f(x) in
analysis; and ii) it improves the convergence rate on certain class of problems
as we will see later.

Lower bound prediction. Similar to AFW, the auxiliary variable yy
in line 3 of Algorithm 8.3 can be viewed as an estimate of x;,;. The first
gradient is evaluated at yj and is incorporated into g1 which is an estimate
of the weighted average of {V f(x),}*71. By expanding g1, one can verify
that Vi1 can be obtained equivalently through minimizing the following

weighted sum,

B

-1

W[ £ (1) + (VF(eri0), % = Xeia) | + 0| F(37) + (V). = ) .

(8.3)

I
=)

T

where w, = 4§, H?=T+1(1 — ¢;) and le;é w; + 6 = 1. Note that each term
inside square brackets forms a supporting hyperplane of f(x), hence (8.3) is
an (approximated) lower bound of f(x) because of convexity. As a prediction
to f(xgr1) + (Vf(Xks1), X — Xp41), the last bracket in (8.3) will be corrected
once X1 is obtained.

Lower bound correction. The gradient V f(xy41) is used to obtain a
weighted averaged gradients g;,1. By unrolling g1, one can find that v

is a minimizer of the following (approximated) lower bound of f(x)

S

-1

wy, [f(xrﬂ) + <Vf(XT+1)7 X — Xr+1>}

Il
=)

T

+ o [ F(xk1) + (VF(Xps1), x — xk+1>] . (8.4)

Comparing (8.3) and (8.4), we deduce that the terms in the last bracket of
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(8.3) are corrected to the true supporting hyperplane of f(x) at xx41. In
sum, the FW steps in ExtraF'W rely on lower bounds of f(x) constructed in
a weighted average manner similar to AFW. However, the key difference is
that ExtraFW leverages the supporting hyperplanes at true variables {x}
rather than the auxiliary ones {y;} in AFW through a “correction” effected
by (8.4). In the following sections, we will show that the PC update in
ExtraFW performs no worse than FW or AFW on general problems, while

harnessing its own analytical merits on certain constraint sets.

8.2.2 Convergence of ExtraF'W

We investigate the convergence of ExtraF'W by considering the general case
first. The analysis relies on the notion of ES introduced in [125]. An ES
“estimates” f using a sequence of surrogate functions {®y(x)} that are an-
alytically tractable (e.g., being quadratic or linear). ES is formalized in the

following definition.

Definition 8.3. A tuple ({®5(x)}720, {\}72) is called an estimate se-
quence of function f(x) if img,oo A = 0 and for any x € X we have
(I)k(X) < (1 — )\k)f(X) + )\kq)o(X)

The construction of ES varies for different algorithms (see e.g., [236, 125,
240, 10]). However, the reason to rely on the ES based analysis is similar, as

summarized in the following lemma.
Lemma 8.1. For ({®x(x)}i2, {Me}i2y) satisfying the definition of ES, if

f(xk) < mingexy Pp(x) + &, VE, it is true that

Fxr) = F(x7) < Ne(Po(x) = f(x")) + &,V k.

As shown in Lemma 8.1, \; and & jointly characterize the convergence
rate of f(xy). Consider A\, = O(3) and & = O(3) for an example. Keeping
Lemma 8.1 in mind, we construct two sequences of linear surrogate functions

for analyzing ExtraFW, which highlight the differences of our analysis with
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existing ES based approaches

Dy(x) = Bo(x) = f(x0), (8.5a)
(i)k+1(X) = (1 — (5k)q)k(X) + 5k [f(yk) + <Vf(yk),x — yk)}, Vk > 0, (85b)
(I)k+1(X) = (1 — 5k)q)k(X) + <Vf(Xk+1),X — Xk—&-l”a vk Z 0. (85C)

Clearly, both ®(x) and ®,(x) are linear in x, in contrast to the quadratic
surrogate functions adopted for analyzing NAG [125]. Such linear surrogate
functions are constructed specifically for FW type algorithms taking advan-
tage of the compact and convex constraint set. Next we show that (8.5) and
proper {\;} form two different ES of f.

Lemma 8.2. If we choose \g = 1, 0, € (0,1), and A\p11 = (1 —0x)A\p V& >0,

both ({ @1 (%)}, { e }20) and ({‘i)k(x)}iio,{)\k}zozo) satisfy the definition
of ES.

The key reason behind the construction of surrogate functions in (8.5) is
that they are closedly linked with the lower bounds (8.3) and (8.4) used in
the FW steps, as stated in the next lemma.

Lemma 8.3. Let gy = 0, then it is true that vy = argmin, , Pr(x) and

Vi = arg min, ., O4(x).

After relating the surrogate functions in (8.5) with ExtraFW, exploiting
the analytical merits of the surrogate functions ®(x) and ®,(x), including
being linear, next we show that f(x;) < mingey ®r(x) + &, Vk, which is the

premise of Lemma 8.1.

Lemma 8.4. Let & = 0 and other parameters chosen the same as previous
lemmas. Denote @ := @y (vy) as the minimum value of ®p(x) over X (cf.
Lemma 8.3), then ExtraF'W guarantees that for any k >0

3LD?

J(xx) < @ + &, with §qr = (1 — 0x)&k + 5

52.

Based on Lemma 8.4, the value of f(x;) and ®; can be used to derive the
stopping criterion if one does not want to preset the iteration number K.
Further discussions are provided in Section 8.4.6. Now we are ready to apply

Lemma 8.1 to establish the convergence of ExtraF'W.
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Theorem 8.1. Suppose that Assumptions 8.1, 8.2, and 8.3 are satisfied.

Choosing o, = k%g, and gy = 0, ExtraF'W in Algorithm 8.3 guarantees

flxp) = f(x") = O(LTDZ> Vk.

This convergence rate of ExtraFW has the same order as AFW and FW.
In addition, Theorem 8.1 translates into O(LTDQ) queries of LMO to ensure
f(xx) — f(x*) <€, which matches to the lower bound [155, 148].

The obstacle for faster rates. As shown in the detailed proof, one needs
to guarantee that either ||vy — vii1]|? or ||[viy1 — Vier||? is small enough to
obtain a faster rate than Theorem 8.1. This is difficult in general because
there could be multiple v; and v}, solving the FW steps. A simple example
is to consider the ith entry [gy]; = 0. The ith entry [vy]; can then be chosen
arbitrarily as long as vy € X. The non-uniqueness of v, prevents one from
ensuring a small upper bound of ||[vy — V1|, V vi. In spite of this, we
will show that together with the structure on X', ExtraF'W can attain faster

rates.

8.2.3 Acceleration of ExtraFW

In this section, we provide constraint-dependent accelerated rates of Ex-
traFW when X is some norm ball. Even for projection based algorithms,
most of faster rates are obtained with step sizes depending on L [165, 166].
Thus, faster rates for parameter-free algorithms are challenging to establish.

An extra assumption is needed in this section.
Assumption 8.4. The constraint is active, i.e., |V f(x*)|s > G > 0.

It is natural to rely on the position of the optimal solution in FW type
algorithms for analysis, and one can see this assumption also in [160, 242, 163,
243]. For a number of machine learning tasks, Assumption 8.4 is rather mild.
Relying on Lagrangian duality, it can be seen that problem (1.4) with a norm
ball constraint is equivalent to the regularized formulation miny f(x)+7vg(x),
where v > 0 is the Lagrange multiplier, and g(x) denotes some norm. In
view of this, Assumption 8.4 simply implies that v > 0 in the equivalent
regularized formulation, that is, the norm ball constraint plays the role of a

regularizer. Given the prevalence of the regularized formulation in machine
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learning, it is worth investigating its equivalent constrained form (1.4) under
Assumption 8.4.

Technically, the need behind Assumption 8.4 can be exemplified through a
one-dimensional problem. Consider minimizing f(z) = 2% over X = {x|z €
[—1,1]}. We clearly have z* = 0 for which the constraint is inactive at the
optimal solution. Recall a faster rate of ExtraFW requires ||0x41 — vg11]2
to be small. When zy is close to * = 0, it can happen that gy.; > 0 and
g1 < 0, leading to 011 = —1 and vgy; = 1. The faster rate is prevented
by pushing vy, and 01 further apart from each other.

Next, we consider different instances of norm ball constraints as examples
to the acceleration of ExtraFW. For simplicity of exposition, the intuition
and technical details are discussed using an ¢, norm ball constraint in the
main experiment. Detailed analysis for ¢; and n-support norm ball [244]
constraints are provided in Section 8.6.1 and 8.6.2.

{, norm ball constraint. Consider X := {x|||x||> < £}. In this case,

Vi1 and v admit closed-form solutions, taking v, as an example,

' D
Vi1 = arg min(ge1, X) =

-1 8.6
xXEX 2Hgk+1||2 o ( )

We assume that when using g;.; as the input to the LMO, the returned
vector is given by (8.6). This is reasonable since it is what we usually imple-
mented in practice. Though it rarely happens, one can choose vii1 = Vi1
to proceed if g1 = 0. Similarly, we can simply set vp.1 = v if g1 = 0.
The uniqueness of v, is ensured by its closed-form solution, wiping out the

obstacle for a faster rate.

Theorem 8.2. Suppose that Assumptions 8.1, 8.2, 8.3, and 8.4 are satisfied,

and X is an ly norm ball. Choosing 6 = k%g and gy = 0, ExtraF'W in

Algorithm 8.3 guarantees

AN
k k?
where T" is a constant depending only on L, G, and D.

Theorem 8.2 admits a couple of interpretations. By writing the rate com-

TLD?
k2

dence on D compared to the vanilla FW. Or alternatively, the “asymptotic”

pactly, ExtraF'W achieves accelerated rate (9( ),Vk: with a worse depen-
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performance at k > T' is strictly improved over the vanilla FW. It is worth
mentioning that the choices of §; and g are not changed compared to The-
orem 8.1 so that the parameter-free implementation is the same regardless
whether accelerated. In other words, prior knowledge on whether Assump-
tion 8.4 holds is not needed in practice. Compared with CGS, ExtraFW
sacrifices the D dependence in the convergence rate to trade for i) the non-
necessity of the knowledge of L and D and ii) ensuring two FW subprob-
lems per iteration (whereas at most O(k) subproblems are needed in CGS).
When comparing with AFW [163], the convergence rate of ExtraF'W is im-
proved by a factor of O(In k), and the analysis does not rely on the constant
M := maxyex f(X).

/1 norm ball constraint. For the sparsity-promoting constraint X :=
{x|[|x]l1 < R}, the FW steps can be solved in closed form too. Taking v,

as an example, we have

Vigr = R-[0,...,0, —sgn[g41]:,0,...,0]" with i = arg max |[gy11]]-
J

(8.7)

We show in Theorem 8.3 (see Section 8.6.1) that when Assumption 8.4 holds
T1LD?

and the set arg max; |[V f(x*)];| has cardinality 1, a faster rate O(ZL52~) can
be obtained with the constant T} depending on L, G, and D. The additional
assumption here is known as strict complementarity and has been adopted
also in, e.g.,[245, 246].

n-support norm ball constraint. The n-support norm ball is a tighter
relaxation of a sparsity prompting ¢, norm ball combined with an ¢5 norm
penalty compared with the ElasticNet [247]. It is defined as X' := conv{x|||x]|o
< n,||x]]2 < R}, where conv{-} denotes the convex hull [244]. The closed-
form solution of vy is given by [248]

Vi1 = top,, (8k+1)- (8.8)

[top, (&k+1)|l2
where top,,(g) denotes the truncated version of g with its top n (in magni-
tude) entries preserved. A faster rate O(%252 ®) is guaranteed by ExtraFW
under Assumption 8.4 and a condition similar to strict complementarity (see

Theorem 8.4 in the Section 8.6.2). Again, the constant 75 here depends on
L, G, and D.
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Other constraints. Note that the faster rates for ExtraFW are not
limited to the exemplified constraint sets. In principle, if i) certain structure
such as sparsity is promoted by the constraint set so that x* is likely to lie on
the boundary of X', and ii) one can ensure the uniqueness of v, through either
a closed-form solution or a specific implementation manner, the acceleration
of ExtraFW is achievable. Discussions for faster rates on a simplex X can
be found in Section 8.6.1. In addition, one can easily extend our results
to the matrix case where the constraint set is the Frobenius or the nuclear
norm ball since they are ¢, and ¢; norms on the singular values of matrices,

respectively.

8.3 Numerical Experiments

This section deals with numerical experiments of ExtraFW to showcase its
effectiveness on different machine learning problems. Due to the space limi-
tation, details of the datasets and implementation are deferred to Section 8.7.
For comparison, the benchmarked algorithms are chosen as: 1) GD with stan-
dard step size %; ii) NAG with step sizes in [144]; iii) FW with parameter-free

step size 25 [148]; and iv) AFW with step size 25 [163].

8.3.1 Binary Classification

We first investigate the performance of ExtraFW on binary classification
using logistic regression. The constraints considered include: i) ¢5 norm ball
for generalization merits and ii) ¢; and n-support norm ball for promoting a

sparse solution. The objective function is

flx) = %Z In (1 + exp(—b;(a;,x))), (8.9)

where (a;, b;) is the (feature, label) pair of datum 4, and N is the number of
data. Datasets mnist and those from LIBSVM! are used in the numerical
experiments. Figures reporting experiment accuracy and additional experi-

ments are postponed into Section 8.7.

http://yann.lecun.com/exdb/mnist/, and https://www.csie.ntu.edu.tw/
~cjlin/libsvmtools/datasets/binary.html.
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Figure 8.1: Performance of ExtraF'W for binary classification with an /s
norm ball constraint on datasets: (a) mnist, (b) w7a, (c) realsim, and (d)
mushroom.

¢, norm ball constraint. We start with X = {x|||x||2 < R}. The opti-
mality errors are plotted in Fig. 8.1. On all tested datasets, ExtraF'W out-
performs AFW, NAG, FW, and GD, demonstrating the O(75) convergence
rate established in Theorem 8.2. In addition, the simulation also suggests
that T' is generally small for logistic loss. On dataset w7a and mushroom,
ExtraF'W is significantly faster than AFW. All these observations jointly
confirm the usefulness of the extra gradient and the PC update.

¢, norm ball constraint. Let X = {x|||x||; < R} be the constraint set
to promote sparsity on the solution. Note that FW type updates directly
guarantee that x; has at most k£ non-zero entries when initialized at xq = 0;
see detailed discussions in Section 8.7.2. In the simulation, R is tuned to
obtain a solution that is almost as sparse as the dataset itself. The numerical
results on datasets mnist and mushroom including both optimality error and
the sparsity level of the solution can be found in Fig. 8.2. On dataset mnust,
ExtraFW slightly outperforms AFW but is not as fast as NAG. However,
ExtraFW consistently finds solutions sparser than NAG. While on dataset
mushroom, it can be seen that both AFW and ExtraFW outperform NAG,
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Figure 8.2: Performance of Extral'W for binary classification with an ¢;
norm ball constraint: (al) optimality error on mnist, (a2) solution sparsity
on mnist, (bl) optimality error on mushroom, and, (b2) solution sparsity on
mushroom.

with ExtraFW slightly faster than AFW. ExtraFW finds sparser solutions
than NAG.

n-support norm ball constraint. Effective projection onto such a con-
straint is unknown yet, hence GD and NAG are not included in the experi-
ment. The performance of ExtraF'W can be found in Fig. 8.3. On dataset
mnist, both AFW and ExtraFW converge much faster than FW with Ex-
traF'W slightly faster than AFW. However, FW trades the solution accuracy
with its sparsity. On dataset mushroom, ExtraF'W converges much faster
than AFW and FW, while finding the sparsest solution.

8.3.2 Matrix Completion

We then consider matrix completion problems that are ubiquitous in rec-
ommender systems. Consider a matrix A € R™*" with partially observed

entries, that is, entries A;; for (7, ) € K are known, where K C {1,...,m} x
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Figure 8.3: Performance of ExtraF'W for binary classification with an
n-support norm ball constraint: (al) optimality error on mnist, (a2)
solution sparsity on mnist, (bl) optimality error on mushroom, and (b2)
solution sparsity on mushroom.

{1,...,n}. Note that the observed entries can also be contaminated by noise.
The task is to predict the unobserved entries of A. Although this problem can
be approached in several ways, within the scope of recommender systems, a
commonly adopted empirical observation is that A is low rank [249, 250, 251].

The objective boils down to

1 9
min - > (Xy— Ay st X < R, (8.10)
(i,9)eK
where || - ||nue denotes the nuclear norm. Problem (8.10) is difficult to be

solved via GD or NAG because projection onto a nuclear norm ball requires
to perform SVD, which has complexity (’)(mn(m/\n)). On the contrary, FW
and its variants are more suitable for (8.10) given the facts: i) Assumptions
8.1 — 8.3 are satisfied under nuclear norm [142]; ii) FW step can be solved
easily with complexity at the same order as the number of nonzero entries;

and iii) the update promotes low-rank solution directly [142]. More on ii)
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and iii) are discussed in Section 8.7.3.

We test ExtraFW on a widely used dataset, MovieLens100K?. The exper-
iments follow the same steps in [142, Freund et al., 2017]. The numerical
performance of ExtraFW, AFW, and FW can be found in Fig. 84. In
Figures 8.4(a) and 8.4(b), we plot the optimality error and rank versus k
choosing R = 2.5. It is observed that ExtraF'W exhibits the best perfor-
mance in terms of both optimality error and solution rank. In particular,
ExtraF'W roughly achieves 2.5x performance improvement compared with
FW in terms of optimality error. We further compare the convergence of
ExtraFW to AFW and FW at iteration & = 500 under different choices of
R in Figures 8.4(c) and 8.4(d). It can be seen that ExtraFW still finds solu-
tions with the lowest optimality error and rank. Moreover, the performance
gap between ExtraFW and AFW increases with R, suggesting the inclined
tendency of preferring ExtraFW over AFW and FW as R grows.

’https://grouplens.org/datasets/movielens/100k/
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8.4 Proofs in Section 8.2.2

8.4.1 Proof of Lemma 8.1

Proof. If f(xx) < mingey Pr(x) + & holds, then we have
Foxr) = min @ (x) + & < i(x7) + & < (1= M) f(X7) + AuPo(x7) + &,

where the last inequality is because Definition 8.3. Subtracting f(x*) on

both sides, we arrive at

F(xn) — f(X*) < X(Po(x*) — f(X¥)) + &,

which completes the proof. n

8.4.2 Proof of Lemma 8.2

Proof. We prove ({®x(x)}720.{\:}70) is an ES of f by induction. Because
Ao = 1, it holds that ®y(x) = (1 — Ag) f(X) + AoPo(x) = Py(x). Suppose that
Dp(x) < (1 — Ag) f(x) + AePo(x) is true for some k. We have

Drp1(x) = (1 — 0x) Pr(x) + I [f(xk—H) + (Vf(Xpy1),x — Xk:+1>}

—
IN®

(1 = 0k)Pr(x) + d1.f(x)
<(1—6) [(1 — ) f(x) + )\kq)()(x)] + 0 f(x)
= (1 = N1 f(X) + A1 Po(x),

where (a) is because f is convex; and the last equation is by definition of

Agt1- Together with the fact that limy_, . Ay = 0, one can see that the tuple

({@n(x) 170, { M }72) is an ES of f.
Next we show <{(i)k(x)}2°:m {)\k}zozo) is also an ES. Clearly i)o(x) =(1-
Ao) f(x) + AoPo(x) = ciD(J(X). Next for £ > 0, using similar arguments, we

have

D (%) = (1= 8)B(x) + b | £(ye) + (VF(y2),% — )|
< (1= 0)Pr(x) + 0p f(x)
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<(1—6) [(1 — Ae) (%) 4 Me®o(x) | + 61 f (x)
(1 = Xeg1) F(x) + A1 Po(x)
(1 — >\k+1)f(X) + >\k+1ci)0(x)'

The proof is thus completed. O

8.4.3 Proof of Lemma 8.3

Proof. For convenience, denote By(x) := f(xx) + (V f(xx),x — x¢). We can

unroll ®;4(x) as

(I)k+1<X) = (1 - 6k)(1)k(x) + 5k:Bk+1(X) (811)

= (1= 0k)(1 — 0p—1)Ps— 1( )+ (1 = 0x)0p—1 Bi(x) + 0 Bri1(x)

= ®o(x) [J(1 - +2537H IT a-4)

7=0 j=7+1
k k

= fxo) [J(1 - +25 Bra(x) J] (1-9)).
7=0 j=7+1

Hence, the minimizer of ®;,;(x) can be rewritten as

argmin Oy (x)

xeX
k k k
= arg rgin fxo) [T =06-)+> 6:Bra(x) ] (1-9)) (8.12)
x€ =0 =0 j=r+1

k
= arg min 25 (Xr41) F(Vf(xr11), X—XT_HH X H (1—94;)

xeX

J=7+1
k
= arg min Z 0V f(xr11), H
xeX j=r+1
k k
= arg min Z <5 Vf(xr11) H >
xeXx 7=0 j=7+1

= argmin (g 1,X),
xeX
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where the last equation is because

grt1 = (1 —0r)gr + 0k V f (Xk11)
= (1 — 5k)(1 — 5k,1)gk,1 + (1 — 5k)§k,1Vf(Xk) + 5ka<Xk+1)

k k k
= 80 H(l —0;) + Zéva(XT—H) H (1—9;)
=0 =0 Jj=7+1
k k
=S 6V e) T (- )
7=0 j=7+1

From (8.12) it is not hard to see vjy; minimizes ®yq(x).

If we write g1 explicitly, we can obtain
Des () = (1= 5)2e(x) + [f(y )+ (Vi) x - yk>]

:f(Xo)H +Z(5 Bria(x H

=0 Jj=7+1

+ 6y, [f(Yk) +(Vflyr),x— Yk:>] :

Hence using similar arguments as above we have

k—1 k

arg min QA)kH(X) = arg I/IYHH <5ka(yk) + Z(STVf(XTH) H (1-— 5j)7X>
xe 7=0

xeX p—l

= argmin (gxy1,X) = Vi1,
XEX

which implies that vi,; is a minimizer of (fkﬂ(x) over X. The lemma is

thus proven. O

8.4.4 Proof of Lemma 8.4

Proof. We prove this lemma by induction. Since ®g(x) = f(xo) and & = 0,
it is clear that f(xg) < ®f + &.
Now suppose that f(xg) < ®f + & holds for some k£ > 0, we will show
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J(Xpg1) < @y + &prr. To start with, we have from Assumption 7.1 that

Flxeen) < ) + (VA0 Xeer ~¥) + ol —wil? (819
Y flyi) + (1 - 5k)(Vf(Y&), X — Vi)

. L
+ 5k<vf<}’k)a Vi1 — Yk;> + EHXk+1 — yil?

O fyi) + (1= 0V F(ya), %k — v

Lé?
+ 06{V (Y1), Vit1 — Y&) + _||Vk+1 — vie||?

=

—

C

< (1= 0k)f(xn) + 0 f (yr) + 06V F V&), Vi1 — Vi)
L2

+ 5 ¥k = vl

~

where (a) is because X1 = (1 — ;)X + 0, Vi1; (b) is by the choice of xj41
and yg; and (c) is from convexity, that is, (Vf(yx), Xk —¥r) < f(xx) — f(¥k)-
For convenience, we denote @Z = &)k(f/k) as the minimum value of Cka(x) over

X (the equation here is the result of Lemma 8.3). Then we have

&)ZH = Dy (Vigr) 2 (1 = 0k)Pr(Vit1) + O [f(Yk> + (Vf(yr): Vi — Yk>]

—~

> (1= 000+ 6] Fya) + (VF(3). 91— vi)]
f

N

—
=

> (1= 0p) f(xk) + 0k [f yi) + (VI(yr), Vi — Yk>] (1 — 0r)&
() L52
> f(Xps1) — _Hvk+1 —viel* = (1 = )&

LD252

> f(Xky1) — 9 B (1 — 0r)&k,

where (d) is by the definition of @y (x); (e) uses ®p(Viey) > % (£) is by
the induction hypothesis f(xx) < ®} + &; (g) is by plugging (8.13) in; and
the last inequality is because of Assumption 7.3. Rearrange the terms, we

have

LD?5?

F(xpi) < Ppyy + (1 — 0x )&k (8.14)

252
LD 5k+(1—5k)fk-

=0p .+ (Ppy — Py +
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Then, we have from Lemma 8.3 that

(i)ZH -0, = 3‘ka+1(\71€+1) — Pp1 (Vi) (8.15)

= ci)k+1({’k+1) - (i)kJrl(VkJrl) + (i)k+1(vk+1> — D1 (Vi)

(2 Dri1(Vis1) — Proyr (Vi)
D 5 [f(Yk) + (Vf(Yr), Vis1 — yk>]

— Ok [f(XkH) + <Vf(Xk+1)7 Vi1 — Xk+1>]

6)
< 0u(Vf(yr) = VI (Xk1), Vit — Xpp1)

< 6|V (yr) = Vi (Rern) ||, || Va1 — Xera |
Kk
< 6k L[y — Xpr || || Vi1 — X1 |

)
< 5;%LHV1@ — VkﬂH HVkJrl — Xk+1“ < 8LD?,

—~
N

—~

where (h) is because ®piq (V1) < Ppi1(x),¥x € X according to Lemma

8.3; (i) follows from (8.5); (j) uses f(yx) — f(xk+1) < (Vf(yr), ¥r — Xpt1);
(k) is because of Assumption 7.1; and (1) uses the choice of y; and xj1.

Plugging (8.15) back into (8.14), we have

3LD25?
2

f(Xpp1) < Py + + (1 — 0x )&k,

which completes the proof. O

8.4.5 Proof of Theorem 8.1

Proof. Given ({®5(x)}7%, {\}72) is an ES as shown in Lemma 8.2, to-
gether with the fact f(xy) < mingey ®r(x) + &, Vk as shown in Lemma 8.4,

one can directly apply Lemma 8.1 to have

2(f(x0) — f(x*))
(k+1)(k+2)

Fxi) — f(x) < Xe(f(x0) = f(X)) + & = + &, (8.16)
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where & is defined in Lemma 8.4. Clearly, & > 0,Vk, and one can find an

upper bound of it as

36,% )

e = (1 —06p—1)&—1 + LD?

_ 3LD? 252{ ’ﬁ 5‘)]

Jj=7+1

CBLD2R 4 (14+2)(7+3) _ 6LD?
2 =3P R+)(k+2) T k2

Plugging & into (8.16) completes the proof. ]

8.4.6 Stopping Criterion

In this section, we show that the value of f(x;) — @} can be used to derive
a stopping criterion (see (8.17)). How to obtain the value of @} iteratively
(via (8.18) and (8.19)) is also discussed.

First, as a consequence of Lemma 8.4, we have f(x;) —®} < & = O(LQQ).
This means that the value of f(x;) — @ converges to 0 at the same rate of

J&xr) = f(x7).
Next we show that how to estimate f(xy) — f(x*) using f(xx) — ®;. We
have that

Fx) = B 2 F(x) = Bu(x') > Fl0) = (L= M) F) = MeBo(x)
G (1= ) [F o) = FOO)] + M F () = F(x0)]

where (a) is because of ®; = mingecy Px(x), (b) is by the definition of ES,
and (c) uses ®y(x) = f(xg). The inequality above implies that

. 1
Fox) = F(x) <€ 1=

(f(Xk) — & — A\ [f(Xk) - f(Xo)])- (8.17)

Notice that the RHS of (8.17) goes to 0 as k increases, hence (8.17) can be

used as the stopping criterion.
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Finally we discuss how to update ®; efficiently. From (8.11), we have

Brn(x) = Fxo) [[(1=6) + Z 5o Fes) + (V001 % = 5000

where the last equation uses the definition of g;,;. Hence, we can obtain

*
Qhyq as

(I)ZH = (I)kJrl(VkJrl) = Vi1 + <gk+17 Vk+1>7 (8-18>

and Vj1; can be updated as

Vieer = (1= 80)Vi o 8| £ (1) = (V F30rs). 304 |,
with Vy = f(xo). (8.19)

8.5 Proof of Theorem &.2

Because we are dealing with an /5 norm ball constraint in this section, we
use R := % for convenience. And we will extend the domain of f(x) slightly
to X := conv{x — 1Vf(x), Vx € X}, ie., f: X — R. This is a very mild

assumption since most of practically used loss functions have domain R

Lemma 8.5. [125, Theorem 2.1.5] If Assumptions 7.1 and 7.2 hold with the
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extended domain X, then it is true that for any X,y € X

IV F60 ~ VI < 7y) — f(x) — (VF(x),y —x).

2

7i3s then we have

Lemma 8.6. Choose 6 =

AL(f(x0) — f(x*)) N 1212 D2 e
(k+1)(k+2) k+2 — VE+2

IVf(xe) = V(x)]2 < \/

where Cy < \/12[/2D2 +4L(f(x0) — f(x*)).

Proof. Using Lemma 8.5, we have

iHVf(Xk) — V(x3 < fxe) = f(x) = (Vf(x*),xp —xF)
< flx) - F(x)
2) 2(f(x0) — f(x*)) N 6L D>

(k+1)(k+2) k+2’

where (a) is by the optimality condition, that is, (V f(x*),x —x*) > 0,Vx €
X; and (b) is by Theorem 8.1. This further implies

AL(f(x0) — f(x*))  12L2D?
(k+1)(k+2) k+2

IVF(xi) = V()2 < \/

The proof is thus completed. 0

Lemma 8.7. If both x} and x5 minimize f(x) over X, then we have V f(x}) =

Vf(x3).
Proof. From Lemma 8.5, we have

IVF(xz) = VIEDIZ < Fx3) — F(x1) = (VF(xD), %5 — x7)

(@
< f(x5) = f(x7) =0,

L
2L

where (a) is by the optimality condition, that is, (V f(x}),x —xJ) > 0,Vx €
X. Hence we can only have V f(x}) = V f(x]). This means that the value

of V f(x*) is unique regardless of the uniqueness of x*. O
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Lemma 8.8. Let |V f(x*)|2 = G*, (and G* is unique bacause of Lemma
8.7) where G* > G. Choose 6 =

k—ig, it 18 guaranteed to have
404 2G*

18k+1 — V(x| < SVET3-1) + D)

In addition, there exists a constant Cy < %C’l + mG* such that

Cy
- V/f(x* < —
Hgk+1 f( )H2 = \/k——i-?ﬁ—l

Proof. First we have

k

Jj=7+1
- (1+2)
k +2)(k + 3)Vf<XT“)'

Noticing that 23°%_ (7 4+ 2) = (k + 1)(k +4) = (k + 2)(k + 3) — 2, we have
g1 — Vf(x)]l2

o242
> ey (V) ~ 9I )] -

2

DA

2

2(1 +2)
(k+2)(k+3)

2(1+2) 4 2G*

— (k+2)(k+3) VT + 3+(k+2)(k+3)
2C" 3 2G*
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where (a) follows from Lemma 8.6. This completes the proof for the first
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part of this lemma. Next, to find Cs, we have

\ ACy 2G*
lgr+1 — Vf(x)[|2 < 3(vVE+3—1) - (k+2)(k + 3)
B ACy N 2G*
3(WE+3-1) (k+3)(VE+3+1)(WVEk+3-1)

) 4C, N 2G*
“3Wk+3-1) 3V3+1)Wk+3-1)

where in (b) we use k+3 >3 and vk+3+1> V34 1. The proof is thus
completed. O

Lemma 8.9. There exists a constant T} < (269:? —1—1)2—3, such that ||gk+1||2 >
& Vk>Ty.

Proof. Consider a specific k with Ig7.1ll2 < & satisfied. In this case we
have
871 = VIC)2 2 V)2 = lIg74alle > &7 = - = =

From Lemma 8.8, we have

G . C
— < |lgiy — V]2 < 2

2 VE+3-1
From this inequality we can observe that ||gj, |[2 can be less than \/Té only
when k < T} = (252 + 1)2 — 3. Hence, this lemma is proven. O

Lemma 8.10. Let T := max{Ty, T2}, with Tp = \/%.2 —3. When k > T+1,

it 18 gquaranteed that

GiLDCy  _ 45iLDCy

([Vig1 — Vigal]2 < < , (8.21)
i i grr1ll2llgrll2 (G*)?

o 2 , DC
where Cs3 := LD* + f2_—21

Proof. First we show that when & > T+ 1, both ||gk||2 > 0 and ||gx11]|2 > 0.
First, because k > T + 1 > T + 1, through Lemma 8.9 we have ||gi|l> >
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% > 0. Then we have

&k, = [[(1 = 0k)gk + 06V (Ret1) — 06V (Xe11) + 0V f(yr)],
G*
> ||grally = ||V (1) = V()] > - 0iLD.
The last inequality holds when k > T7. Hence when k > max{T},To} + 1,

we must have both ||gk|l2 > 0 and ||gk+1]l2 > 0. Then for any £ > T+ 1, in

view of (8.6), we can write

Vit = Verllz = || = o 8 e 8.22
[ Vit k|2 H HngHngﬂ ||gk+1||2gk+1 2 ( )
R - A
|8k+1|2/|&k+1]l2 H + ”2 + H + Hg + ,
R

B ||gk+1||2||§k+1||2

X HngHngH - HngHzng + HngHzng - Hg’fﬂHzgk’H
2
R R R .
< i X |8kt — Ber|| + 17— ||| 8|, — [|8r4]l,
||gk+1||2 2 ||gk+1||2
&) 2R . 2R0
< ——||8kt1 — 8rt1|| = E NV f (k1) = VI (ys)
| gk+1ll2 2 llgr+1ll2 2
(®) 2RLJ; DL(S,% R
< —— ||kt = Yi|| = 77— ||VE+1 — V&| »
Hgk+1H2 2 HngHg 2

where (a) is by ||lallz — |[bll2] < [[a—b

Then we will bound ||V — vil|a.

,; and (b) is by Assumption 7.1.

R R
— a8kt T T8k
|18k1ll2 [P

o=l = |
B R
18k 2| &k-+1]l2

2

X ||| k|| 8r+1 — ||8rs1] 18kt + || 8| 81 — || 8] 2k
2
gi\ugku el + g — g
gk]l2 2 21 [lgkll2 2
(c) D N (SkD
< _ — \VA _
= Tedh Sri1 — 8k el f(yr) — gk 2
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5kLD2 5k OQ 5 (LD2+ \/I?TCQ 1) L 5k03
~ ekl ||gk|| \/k+2—1 2|2 gkl

where (c) again uses H]aHg — Hb’g’ < Ha — sz, and the last inequality is

because of Lemma 8.6. Plugging back to (8.22), we arrive at

DLS? 6,Cs SiLDCy  _ 45}LDCy
gerillz lgrllz  llgrsll2llgellz = (G

Hvk+1 - ‘A’k+1||2 < ||

The proof is thus completed. O

Lemma 8.11. Let &y = 0 and T defined the same as in Lemma 8.10. Denote

Q5 = Dy (vy) as the minimum value of P(x) over X, then we have
f(xk) < Pp + &, VE = 0,

where for k < T+1, &1 = (1—0k)Ek + 3L2DQ 62, and &gy = Cy0t + (1 —0p) &

for k >T 4+ 1 with Cy = \/ﬁ—i-G* 4(%[,3)02.

Proof. The proof for k < T + 1 is similar as that in Lemma 8.4, hence it is

omitted here. We mainly focus on the case where k > T + 1.

i1 = Poy1(Ves1)

= (1 = 0k)Pr(Vit1) + O [f(xk—i-l) + <Vf(Xk;+1), Vi+l — Xk+1>}

%) (1= 6r) P (Vi) + O [f(XkJrl) + <Vf(xk+1)7 Vi1 — Xk+1>}

> (1= 06) F(6) + 0k | F(Re1) + (V. (Kace1), Vit = i)
— (1608,

= f(Xpg1) + (1= 0) [f (k) — f(Xis1)]
+ 6k<vf(xk+1>7 Vi1 — Xk+1> — (1 = 0x)&k
(b)

> f(Xrp1) + (1= 0)(Vf (Reg1), Xk — Xpy1)
+ 04 {V f (Xps1), Virr — K1) — (1 — )k
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= [(%rp1) + 0V (Rer1), Viers — Virr) — (1 — k)&

(c)
> f(xny1) = IV (e )2l Virr = Vel = (1 = 6x) &

Q) StLD

> F0u) = 9 (o) = (1= 6060

(e) C 46t LDC.

> f(Xpt1) — <—’T1—+4 G*> ECG—*)Q?) — (1 = 05)&,

where (a) is because v; minimizes ®(x) shown in Lemma 8.3; (b) is by
f(xpr1)—f(xx) <AV f(Xps1), Xpr1—Xg); (¢) uses Cauchy-Schwarz inequality;

(d) uses Lemma 8.10, and (e) uses the following inequality.

IV (Xig1)ll2 = IV (Re1) = V) + V()2
)

< IVF&ki) = V) 2+ VX2

G < O

< <
kE+3 T+4

+ G7,

where the last line uses Lemma 8.6. O
Proof of Theorem 8.2

Proof. Let T be defined the same as in Lemma 8.9. For convenience denote
&1 = (1—0k)&p+0k. When k < T'+1, we have 0, = 3LD SLPZ52: when k > T+1,
we have 0, = C’45k.

Then we can write

k
i1 = (1= )& + 0 = Ze | J )

= Jj=7+1
_zk:(g (T +2)(T+3)
g (k+2)(k+3)
L 3LD? (T +2)(r+3) 4r+2( +3)
:Z > 2)(k + 3) Z Cadr k+3
R I P R )
6LD*(T +1) Cy
=— "+ 0| — . 8.23
h+2)(E+3) (k3 (8:23)
Again note that T' < (’)(max{ %, LZ}; : ) is a constant independent of
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k. Finally, applying Lemma 8.1, we have

2[f(x0) — f(x")]

i+ Dk +2) o (8:24)

flxp) — f(x7) <

Plugging the expression of &, i.e., (8.23), into (8.24) completes the proof. [

8.6 Discussions for Other Constraints

8.6.1 /1 norm ball

In this section we focus on the convergence of ExtraFW for ¢; norm ball
constraint under the assumption that arg max; |[V f(x*)];| has cardinality 1
(which is also known as strict complementarity [246], and it naturally implies
that the constraint is active). Note that in this case Lemma 8.7 still holds,
hence the value of V f(x*) is unique regardless the uniqueness of x*. This
assumption directly leads to arg max; |[V f(x*)];| — [[Vf(x")];| > A,Vi for
some A > (.

The closed-form solution of vj4 is given in (8.7). The constants required
in the proof are summarized below for clearance. The norm considered in this
section for defining L and D is ||-||1; that is, ||V f(X) =V f(¥)]l < Ll|x—¥ |1,

and ||x —yl|l; < D,Vx,Vy € X. Using equivalences of norms, we also assume
IVf(x)=VF¥)lle < Lollx—yllo, Vx,y € X, and ||x —y||> < Dy, ¥x, Yy € X.

Lemma 8.12. There exists a constant T' (which is irreverent with k), when-

ever k > T, it is guaranteed to have

[Vit1 — Vigalr = 0.

Proof. In the proof, we denote i = argmax; |[V f(x")];| for convenience.
With ||V f(x*)|l2 = G*, Lemma 8.8 still holds.

We first show that there exists 73 = (22 + 1)? — 3, such that for all
k > Ty, we have argmax; |[gr11];| = ¢, which further implies only the i-th
entry of viiq is non-zero. Since Lemma 8.8 holds, one can see whenever
k > T, it is guaranteed to have ||ge1 — Vf(x*)]]2 < 3. Therefore, one
must have ||[gri1];] — [VF(x")];|| < 4,Vj. Then it is easy to see that

\[8k+1]i] — |[8k+1]5] > %,‘v’j. Hence, we have arg max; |[gr11];| = i.
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Next we show that there exists another constant 7' = max{T7, (305) -3},
such that arg max; |[gx41];| = i, Vk > T', which further indicates only the i-th

entry of Vi1 is non-zero. In this case, in view of Lemma 8.8, we have

VI,
= [|(1 = 6r)gr + 0V f (Xkt1) — 0V f (k1) + 6V f () — V()]
< gkt = VA2 + 0l V f (x011) — VI (yr) |,
< || gkr1 = VF(X)2 + 05 LoDy
Cy n 415D, < Cs
k+3—1 (k+3?2~ Vk+3-1

where Cs < Cy + \/;{LijDQl)

Hence whenever k£ > max{7}, (% + 1)? — 3}, it is guaranteed to have

Vi > T,

||§k+1 — V(x| < &1l — [[Vf(x9)];l] <
2,Vj. It is thus stralghtforward to see that |[&k41]s] —|[8k+1];] = 3. Vj. Hence,
1t is clear that arg max; |[gx1];] = 4.
Then one can see that when k£ > T, we have vy 1 — Vi1 = 0. O

Next, we modify Lemma 8.11 to cope with the ¢; norm ball constraint.

Lemma 8.13. Let &g = 0 and T be the same as in Lemma 8.12. Denote

Oy = Dy(vy) as the minimum value of ®(x) over X, then we have
f(xp) < Pp(vy) = D5 + &, VEk >0,

where for k < T, &1 = (1—0)& + 57— 3LD? 62, and &1 = (1—06;)&g fork >T.

Proof. The proof for k < T is similar as that in Lemma 8.4, hence it is
omitted here. We mainly focus on the case where £ > T'. Using similar

argument as in Lemma 8.11, we have

Op g > fxha) + (VI (Xnp1), Vi — Viga) — (1= 0)&
= J(Xpt1) = (L = 65) &

where the last inequality is because of Lemma 8.12. O]

Theorem 8.3. Consider X is an £; norm ball. If arg max; ’ )]g’ has

cardinality 1, and Assumptions 7.1 - 7.3 are satisfied, ExthW guarantees
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Figure 8.5: Extral'W guarantees an O(%) rate on simplex.
that

Fo) — Fx) = 075,

Proof. Let T be defined the same as in Lemma 8.12. For convenience, denote
Ekr1 = (1 — 0)& + 0. When k < T, we have 0, = gég; when k > T, we

have 0, = 0. Then we can write

Erir = (1 — 00)&, + 0 = Z@ ﬁ 1—5 >:i97(7+2)(7+3)

7=0 j=7+1 7=0
T—

3LD2 TH2)(T+3) 6LD?*T
z; +2)(k+3) (k+2)(k+3) (8.25)
Finally, applying Lemma 8.1, we have
fxx) — f(x7) < 21/ (x0) — S]] + &k (8.26)

(k+1)(k+2)
Plugging the expression of &, i.e., (8.25) into (8.26) completes the proof. [

Beyond /; norm ball. The O(%) rate in Theorem 8.3 can be generalized
in a straightforward manner to simplex, that is, X := {x|x > 0,(1,x) =
R} for some R > 0. A minor assumption needed is that the cardinality
of argmin,[V f(x*)]; is 1. In this case, the FW steps in ExtraFW admit
closed-form solutions. Again taking vi,; as an example, we have v, =
[0,...,0,R,0,...,0], where the only non-zero is the i = argmin;[gy:];-th
entry. The proof is similar to the /; norm ball case, i.e., first show that both

gri1 and gy converge to V f(x*) so that vy 1 = Vi1, Vk > T, where T
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is some constant depending on the difference of the smallest and the second
smallest entry of V f(x*). Then one can follow similar steps of Lemma 8.13
to obtain the O(k%) rate. Numerical evidences using logistic regression as
objective function can be found in Fig. 8.5. Note that in this case however,

FW itself converges fast enough.

8.6.2 n-support norm ball

When X is an n-support norm ball, ExtraFW guarantees that f(x;) —
fx*) =0 (k%) The proof is just a combination of Theorem 8.2 and 8.3:
therefore, we highlight the general idea rather than repeat the proofs step by
step.

The norm considered in this section for defining L and D is || - ||2, that is,
IVF(x) = V()2 < Lx = yll2, ¥x,y € X, and [|lx — y» < D,Vx,y € X.
Besides Assumptions 7.1 - 7.3, the extra regularity condition we need is that
the n-th largest entry of |[V f(x*)]| is strictly larger than the (n+1)-th largest
entry of |[V f(x*)]| by A. Note that this condition is similar to what we used
for the ¢; norm ball constraint. In addition, this extra assumption directly
implies ||V f(x*)||2 := G* > 0. In the proof one may find the constant

Gy, = ||[top, (V f(x*)) |2 helpful. Clearly, G* > G}, > \/ZG*.

Theorem 8.4. Consider X is an n-support norm ball. If the n-th largest en-
try of |[V f(x*)]| is strictly larger than the (n+1)-th largest entry of |[V f(x*)]|
and Assumptions 7.1 - 7.3 are satisfied, FExtraF'W guarantees that there exists

a constant T such that
. T
fox) = F() = 0(3)-

Proof. First by using the regularity condition and similar arguments of Lemma
8.12, one can show that there exists a constant 7} (depending on A, L, D,
and G) such that the indices of the non-zero entries of vi,; and V4, are the
same for all & > T.

Next, using similar arguments of Lemma 8.9, one can show that there
exists a constant T3 such that |[top,, (gre1)2 > %

Let To = max{T3,T1}. It is clear that for any k > T3, the indices of non-

zero entries of vy and Vi, are the same. Together with ||top,,(gk+1)|l2 >
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%,Vk > Ty, we can show that for any k > Ty + 1, ||[vie1 — Viri]l2 = O(6})
holds through similar steps as Lemma 8.10.

Finally, using similar arguments of Lemma 8.11 with the aid of ||vg.; —
Viailla = O(43), and applying Lemma 8.1, we can obtain f(x;) — f(x*) =
o). -

8.7 Additional Numerical Results

8.7.1 Efficiency of ExtraFW: Case Study of n-support Norm
Ball

In this section we show that ExtraFW achieves fast convergence rate and low
iteration cost simultaneously when the constraint set is an n-support norm
ball. We compare algorithms that can solve the constrained formulation or

its equivalent regularized formulation discussed in Section 8.2.3, that is

min. f(x) + A(/|x/|n-sp)” (8.27a)
< min f(x) st ||X|la-sp < R, (8.27b)
where || - ||n—sp denotes the n-support norm [244].

Clearly, one can apply proximal NAG (Prox-NAG) to (8.27a). The proxi-
mal operator per iteration has complexity O(d(n + logd)) [244].

One can also apply ExtraF'W for (8.27b). From the Lagrangian duality of
(8.27b) and (8.27a), one can see that if A # 0, one must have an optimal
solution for (8.27b) lies on the boundary of its constraint set. Hence ExtraF'W
achieves acceleration in this case. Below we summarize the convergence rate
and per iteration cost of different algorithms. A simple comparison among

different algorithms illustrates the efficiency of ExtraFW.

Table 8.1: A comparison of different algorithms for logistic regression with
n-support norm

Algorithm convergence rate per iteration cost
Prox-NAG for (8.27a) O(1/k?) proximal operator: O(d(n + logd))
Projected NAG for (8.27b) O(1/k?) projection is expensive
FW for (8.27b) O(1/k) FW step: O(dlogn)
ExtraFW for (8.27b) O(T/k?) FW step: O(dlogn)
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8.7.2 Binary Classification

Table 8.2: A summary of datasets used in numerical experiments

Dataset d N (train) | nonzeros
w7a 300 24,692 3.89%
realsim 20,958 | 50,617 0.24%
news20 19,996 | 1,355,191 | 0.033%
mushromm 122 8,124 18.75%
mnist (digit 4) | 784 60, 000 12.4%

The datasets used for the experiments are summarized in Table 8.2.

Sparsity promoting property of FW variants in ¢/; norm ball con-
straint. FW in Algorithm 8.1 directly promotes sparsity on the solution if it
is initialized at xo = 0. To see this, suppose that the i-th entry of V f(x}) has
the largest absolute value, then we have v = [0, ..., —sgn([Vf(xk)]i)R, .., 0]
with the i-th entry being non-zero. Hence, x; has at most k non-zero entries
given k — 1 entries are non-zero in x;,_;. This sparsity promoting property
also holds for ExtraFW.

The experiment accuracy of different algorithms can be found in Fig. 8.6.
Additional numerical results for ¢; norm ball constraint can be found in
Fig. 8.7. It can be seen that on dataset realsim, ExtraFW has similar
performance with AFW, both outperforming FW significantly. On dataset
news20, ExtraF'W outperforms AFW in terms of optimality error.

Additional experiments for n-support norm ball constraint are listed in
Fig. 8.8. The optimality error of ExtraFW is smaller than AFW on both

realsim and news20.

8.7.3 Matrix Completion

Besides the projection-free property, FW and its variants are more suit-
able for problem (8.10) compared to GD/NAG because they also guarantee
rank(Xy) < k + 1 [143, 142]. Take FW in Algorithm 8.1 for example. First
it is clear that V f(Xj) = (Xx — A)k. Suppose the SVD of V f(Xy) is given
by V(X)) = P 2.Q, . Then the FW step can be solved easily by

Vi1 = —Rpray, (8.28)
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Figure 8.6: Experiment accuracy of ExtraF'W on different constraints.

where p; and qj denote the left and right singular vectors corresponding to
the largest singular value of V f(X}y), respectively. Clearly V;; in (8.28) has
rank at most 1. Hence it is easy to see that X1 = (1 — 0) Xy + 0k Vir1 has
rank at most k + 2 if Xy, is a rank-(k + 1) matrix (i.e., X has rank 1). Using
similar arguments, ExtraFW also ensures rank(Xj;) < k + 1. Therefore,
the low rank structure is directly promoted by FW variants, and a faster
convergence in this case implies a guaranteed lower rank Xj.

The dataset used for the experiment is MovieLens100K, where 1682 movies
are rated by 943 users with 6.30% percent ratings observed. The initialization

and data processing are the same as those used in [142].
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CHAPTER 9

CONCLUSION

Chapter 3 proposes a robust DF framework with backtest-based bootstrap
and adaptive residual selection. It can efficiently extend an arbitrary PF
model to generate DF, is robust to the choice of model, and outperforms a
variety of benchmark DF methods on real-world data, making the proposed
framework well-suited for industrial applications.

Chapter 2 addresses the ENSO region spatio-temporal sequence predic-
tion problem by proposing a modified ConvGRU network, as well as its
downstream task of predicting the Nino 3.4 index. The ConvGRU network
incorporated 2-D convolutional layers within a ConvGRU cell and employed
an encoder-decoder Seq2Seq structure, offering advantages over existing mod-
els such as LR, LIMs, CNN, KAF, and Seq2Seq with GRU. These advan-
tages include the ability to output future SST maps of the ENSO region,
rather than ENSO indices, and modelling approximate nonlinear dynamics.
Through experiments on various climate and atmospheric reanalysis datasets,
we demonstrated the effectiveness of the ConvGRU network in predicting fu-
ture SST maps in the ENSO region. The ConvGRU network outperformed
existing models in various scenarios, including the Nino 3.4 index prediction,
showcasing its capabilities in downstream applications. We also evaluated
the performance of the network in predicting other climate-related tasks,
such as predicting monthly air temperature over a large portion of the global
surface, which further demonstrate its potential for accurate spatio-temporal
sequence predictions.

In Chapter 4, we introduces two actively adaptive algorithms for piecewise-
stationary cascading bandit, namely GLRT-CascadeUCB and GLRT-CascadeK-
L-UCB. It is analytically established that GLRT-CascadeUCB and
GLRT-CascadeKL-UCB achieve the same nearly optimal regret upper bound
on the order of O (\/WlogT ), which matches our minimax regret lower
bound up to a /log T factor. Compared with existing algorithms that adopt
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passively adaptive approach such as CascadeSWUCB and CascadeDUCB, our
new regret upper bounds are reduced by O(v/L) and O(y/L1ogT) respec-
tively. Numerical tests on both synthetic and real-world data show the im-
proved efficiency of the proposed algorithms.

Chapter 5 introduces a new MAB formulation — adversarial graphical
contextual bandits — which leverage both contexts and side observations.
Two efficient algorithms, EXP3-LGC-U and EXP3-LGC-IX, are proposed, with
EXP3-LGC-IX for a special class of problems and EXP3-LGC-U for more gen-
eral cases. Under mild assumptions, it is analytically demonstrated that the
proposed algorithms achieve the regret O(y/a(G)dT ) for both directed and
undirected graph settings.

In Chapter 6, we study the joint community detection and phase synchro-
nization problem from an MLE perspective and provide the new insight that
its MLE formulation has a multi-frequency nature. We then propose two
methods, the spectral method based on the novel MF-CPQR factorization
and the iterative MF-GPM, to tackle the MLE formulation of the joint esti-
mation problem, where the latter one requires the initialization from spectral
methods. Numerical experiments demonstrate the advantage of our proposed
algorithms against existing algorithms.

Almost tune-free SVRG and SARAH were developed in Chapter 7. Besides
the BB step size for eliminating the tuning for step size, the key insights are
that both i) averaging, as well as ii) the number of inner loop iterations should
be adjusted according to the BB step size. Specific major findings include: i)
estimate sequence based provably linear convergence of SVRG and SARAH,
which enabled new types of averaging for efficient variance reduction; ii)
theoretical guarantees of BB-SVRG and BB-SARAH with different types of
averaging; and iii) implementable tune-free variance reduction algorithms.
The efficacy of the tune-free BB-SVRG and BB-SARAH were corroborated
numerically.

A parameter-free FW variant, ExtraFW, is introduced and analyzed in
Chapter 8. ExtraFW leverages two gradient evaluations per iteration to

update in a PC manner. We show that ExtraFW converges at O(3) on

TLD?
k2

of constraint sets including active ¢;, ¢35, and n-support norm balls. Given

general problems, while achieving a faster rate O( ) on certain types

the possibility of acceleration, ExtraFW is thus a competitive alternative
to FW. The efficiency of ExtraF'W is validated on tasks such as i) binary
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classification with different constraints, where ExtraF'W can be even faster
than NAG, and ii) matrix completion where ExtraFW finds solutions with

lower optimality error and rank rapidly.
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